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Abstract 

Using a new method |Tl] it is possible to derive mean field equations 
from the microscopic A'^ body Schrodinger evolution of interacting parti- 
cles without using BBGKY hierarchies. 

Recently this method was used to derive the Hartree equation for sin- 
gular interactions and the Gross Pitaevskii equation without positivity 
condition on the interaction [12] where one had to restrict the scaling 
behavior of the interaction. 

In this paper more general scalings shall be considered assuming pos- 
itivity of the interaction. 
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1 Introduction 



In this paper we analyze the dynamics of a Bose condensate of N interacting 
particles when the external trap — described by an external potential At — is 
changed, for example removed. 

We are interested in solutions of the A''-particle Schrodinger equation 

i— *t = H^t (1) 
di * * ^ ^ 

with some symmetric (under exchange of any two variables) we shall specify 
below and the Hamiltonian 

N N 

H = ~Y.^i+ E Vp{xj-xu)+Y.At{xi) (2) 

3=1 l<j<k<N j=l 

acting on the Hilbert space L^{R^^ ,C), where p G R stands for the scaling 

behavior of the interaction. Note, that 4* depends on N. For ease of notation 
this shall not be indicated (as well as for many other A^-dependent objects). 
The scale with the particle number in such a way, that the total interaction 
energy is (like the total kinetic energy of the particles) of order one. 

For the moment one may think of an interaction which is given by Vf3{x) = 
N~^^^^V{N^ x) for a compactly supported, spherically symmetric, positive po- 
tential V e The interactions we shall choose below will be of a more general 
form. 

The At describing the trap potential is a time dependent external potential 
which we shall choose — in contrast to Vg — A^- independent. Note, that H 
conserves symmetry, i.e. for any symmetric function also -ff^'o and thus VPt 
is symmetric. 

Assume moreover that the initial wave function ^"0 is a condensate in the 
sense that the reduced one particle marginal density 



:= j ^*{-,X2, . . . ,Xn)^{-,X2, . . . ,XN)d^X2 . . .d^XN 



converges to |(^o)(</2o| in operator norm. 

Under these and some additional technical assumptions we shall show that 
also /X** will be a condensate, i.e. that there exist functions ^pt such that in 
operator norm 

lim /i** = \^t){Vt\ 

N^oo 

uniform in t on any compact subset of M+ and — under additional decay con- 
ditions on Lpi imiform in t E M+. 

In addition we shall show that (pt solves the differential equation 

ij^ipt = {-A + At + V^,)ipt (3) 
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with ifo as above, where the "mean field" V^p^ depends on (ft itself, so ([3]) is a 
non-linear equation. 

For different regimes of /3 different effective mean field potentials will appear: 
For /3 = each particle feels N~^J2^=2^i^i ~ ^i) ~ I^i^ ~ V)Wt^{y)^y 
interactions as long as the particles are roughly ji^Jtp-distributed. Hence the 
mean field is given by V = V * \(pt\'^. This case is less involved than scalings 
< /3 < 1, thus it fits best to introduce the new method (see pTTj). 

For < /? the interaction becomes (5-like. To be able to "average out" the 
potential it is important to control the microscopic structure of ^'j. Assuming 
that the energy of is small, the microscopic structure is — whenever two 
particles approach — roughly given by the zero energy scattering state of the 
potential Vg. Let us for the moment call this zero energy scattering state (x). 
Changing to coordinates y — N^x the zero energy scattering state satisfies 

For /3 = 1 the scaling of the potential is such that the zero energy scattering 
state fp (x) of the potential Vg just scales with y, i.e. fi{x) = fl{Nx). Since 
/ Vp{x)f^ {x)dx equals Stt times the scattering length of Vg it follows that the 
mean field is given by 2a|iy9tp, where a/ {An) is the scattering length of V . 

The microscopic structure formed by the wave functions enables us to gen- 
eralize the interactions when P — 1 and V is compactly supported: Since the 
scattering length of the potential is always smaller than the radius of the support 
of the potentials, the coupling constant of the interaction may grow arbitrarily 
fast in N in that case. Hence we shall also consider interactions of the form 

Vi^^{x) - mV{N-^x) (4) 

with fjL > 2. In this case the wave function avoids the interaction regions and 
still the scattering length and thus the effect of each interaction is of order . 

For < /3 < 1 the scaling is "softer" and the microscopic structure disap- 
pears as iV -> oo. Thus the mean field is given by V^^ — \\V\\i\'^t\^ . One can 
also argue, that for "soft scalings" the scattering length is in good approxima- 
tion given by the first order Born approximation and thus roughly the Li-norm 
of the interaction divided by Stt. 

Note that the cases /3 < and /3 > 1 are of minor interest: In both cases the 
interaction becomes negligible. In the case /3 < the interactions are more or 
less constant over the support of ^, in the case /? > 1 the radius of the support 
(and with it the scattering length) of the interaction shrinks faster than A^~^. 
Thus the effective interaction felt by each particle becomes negligible. 

A proof for the cases < /3 < 1 without external fields based on a hierarchical 
method analogous to BBGKY hierarchies can be found in [21 [3]. The simpler, 
one dimensional case is treated in [T]. We shall give an alternative proof in 
three dimensions including time dependent external potentials and generalize 
to scalings of the form ([4]). Furthermore we shall prove that the convergence 
holds uniform in time, assuming that (pt shows sufficient decay behavior. 
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In recent years there has been a growing number of experiments with Bose 
Einstein condensates where the influence of the mean field has been analyzed 
(see for example [B]). In many of these experiments the condensate propagates 
while an external field is present, for example in the well known atomic laser 
experiments the condensates are dropped in the gravitational field. Thus a the- 
oretical understanding of the dynamics of Bose Einstein condensates in external 
fields is appreciated. 

2 Formulation of the Problem 
2.1 The new method 

The method we shall use in this paper is in details explained in [TT] . Heuristically 
speaking it is based on the idea of counting for each time t the relative number of 
those particles which are not in the state ipt and estimating the time derivative 
of that value. To put that onto a rigorous level we need to define some projectors 
first. 

Definition 2.1 Let ip S L'^{M?X)- 

(a) For any 1 < j < N the projectors pj : L'^{R^'^ X) ^ L'^{M.^'^,C) and 

: L2(]r3W,C) ^ L^iW^'^X) are given by 

pj* = ifiixj) J ip*ixj)-^{xi, . . .,x)d^Xj V ^' e L^iR^^X) 
and qj = 1 — p'j . 

We shall also use the bra-ket notation p'^ = \ip{xj)){ip{xj)\. 

(b) For any < k < N we define the set 

N 

Ak {(ai, 02, . . . , On) : a-j € {0, 1} ; ^ a; = fc} 
and the orthogonal projector acting on I? {R?^ , C) as 

N 

aeAk j=l 

For negative k and k > N we set :— 0. 

(c) For any function m : — > R,^ we define the operator fh"^ : L2(R3^, C) 
L2(R3W^q as 

N 

m^:-^m(j, 7V)P/. (5) 

3=0 
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We shall also need the shifted operators : L'^{R^^,C) L'^{R^^,C) 
given by 

N+d 

f^d := E"^(J+^'^)^- 
2.2 Derivation of the Gross-Pitaevskii equation 

This paper deals with the case < /3 < 1 only. Then ([3]) becomes the Gross 
Pitaevskii equation 

V' " ^ ^* ^ 2a|¥.t| /i^-^V't • (6) 

Following [m we shall define a functional a : L'^{R^'^, C) (g) L2(K3, C) M+ 
such that 

(a) ■^a{'^t, ft) can be estimated by a{'^t,'ft) + giving good control of 
a{'^t,ft) via Gr0nwall. 

(b) a{'^, (fi) implies convergence the reduced one particle density matrix 
of to |<p)(95| in trace norm. 

In the case /3 — it turned out that the choice 

(again n(k,N) — y/k/N and ((•)) is scalar product on L^(M^^,C)) for arbi- 
trary j > does the job (see for example [H] and [5], where the cases j — 2 
respectively j = 1 are treated for different interactions). 

Depending on the particular setting slight adjustments of the functional a 
are sometimes needed to get sufficient control of ^a(5't,93t). When dealing 
with interactions which peak very fast as N tends to infinity, adding a func- 
tional which takes care of the smoothness of ^ proves to be helpful. Doing 
the estimates it turns out that one needs that ||Vi(?f^|j is small (see Lemma 
14.41 (d)). With the Gr0nwall argument in mind the first idea one might have 
is to add precisely this term to a, but on the other hand the time derivative 
of ||Vigf ^'11 is hard to control. Therefore we add the difference of the energy 
per particle of 4' and the Gross-Pitaevskii-energy of (p to our functional. It is 
natural to assume that — if /i* — > \lp) {ip\ — this difference is initially small and 
one expects that during time evolution the energy change per particle of 5* and 
the energy change of (p are approximately the same. 

Therefore we shall need the energy functional £ : i^(R'^^, C) — > M 

as well as the Gross Pitaevskii energy functional £'~^^ : L^(M^,C) M 

£^P{p) -.^{S/p, V^> + {At + a|^n^) = {h^P - a\p\')p) . (7) 
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Doing the estimates it turns out that HVigf is small in terms of the energy 
difference plus ((5', n'''^')). Therefore we choose a in the following way: 

Definition 2.2 Letn{k,N) := y/k/N . We define for any N Cz N the functional 
a : L2(M3^,C) X L^R^^C) R+ 

To get good control of ((^E't, n'^'^'j)), the solutions Lpt of the Gross Pitaevskii 
equation we shall consider have to satisfy some additional conditions. 

Definition 2.3 We define the set of "good" solutions of the Gross- Pitaevskii 
equation 

g {^t ■■ i^ipt = h^^ifiu WftWoo + ||A(^t|| < oo V t > 0} . 

Furthermore we shall — depending on /3 — need some conditions on the in- 
teraction Vg. These conditions shall include the potentials we used in the in- 
troduction, i.e. potentials which scale like yfl(a;) ~ N^^^^^V{N^ x) as well as 
scalings of the form Q for compactly supported, spherically symmetric, positive 
potentials F € L°°. 

Definition 2.4 Let a > 0. For any < /3 < 1 we define the auxiliary set 
1^/3 {^s pos. and spher. symm., Vp{x) — Oy x > RN~^ for some R < oo} 
as well as the set of potentials with appropriate scaling behavior for < /3 < 1 
Vp := {V,3 e Up : lim N^-^I^WVpWoo < oo; 

N—i-oo 

lim iV''| IliVValli - 2a\ < oo for some rj > 0} , 

N—>-oo 

and for 13 — 1 

Vi := {V^i e Ui : lim N'^lAirNscatiVi) - a\ < oo for some rj > 0} , 

N^oo 

where scat{V) is the scattering length of the potential V . 

With these definitions we arrive at the main Theorem: 

Theorem 2.5 Let < /3 < 1, let Vp ^ Vp, let At be an external potential with 
sup^gjjs 1^44! < 00. Let (fit & G and \l/o be symmetric with ||4'o|| = 1. Then 
there exists a rj > and constants Ci , C2 < 00 such that 

a{^t,^t) < Cie^^C"^)''' ^0 llv.lU + l|v^.||6,„e+||i.||»<i. (^(^^^ + ^-n^ ^ 

(8) 

where || • He.ioc ■ L^(R^,C) R+ is the "local L^-norm" given by 

llV'lle.Zoc := sup ||ll._xl<l<y3||6 • 
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Remark 2.6 (a) Lieb, Seiringer and Yngvason have proven that for the ground 
state '5^* of a trapped Bose gas and the ground state ip^" of the respective 
Gross- Pitaevskii energy functional £{'i>^^) — £'~^^{(p^'^) as N oo 
l^. In ^ Lieb and Seiringer show that /i* — \(p^''){(pS'^\. Hence for the 
ground state of a trapped Bose gas limAr_>oo q;(\E'^*, (/j^*) = 0. 

(b) For all rj > one can find a N > such that (IniV)^/^ < rylniV. Thus 
g(inAr)i/3 < Ce')!"^ = CTV, so i/a(*o,(^o) < CN'' for some tj > and 
if /g ||<(5s||oo + II V(/3s||6,/oc + ll^sllooC^s < oo it follows that the right hand 
side of ^ is small. 

(c) Using Sobolev \\Vips\\6.ioc < WVipsWe < \\Aip\\. Thus \\y(ps\\6,ioc can be 
bounded by the square of the Gross- Pitaevskii Energy. 

On the other hand W^ipsWe.ioc < ||V</3||oo- Since we are in the defocussing 
regime one expects when the potential is turned of that \\(p\\oo o,nd ||V(/9||oo 
decay like t~^/^. Whenever H^'slloo + ||V(/3s||6, ;oc + ||^s||oorfs < oo the 
right hand side of ^ is small uniform in t. 

(d) It has been shown in 111] that 

lim = 

implies weak convergence of the reduced one particle density matrix of 
against \ip){Lp\ and vice versus. For other equivalent definitions of asymp- 
totic 100% condensation see J10. 

(e) The set Vi includes potentials with scalings of the form 

2.3 Skeleton of the Proof 

We shall prove the Theorem via Gr0nwall, so our goal is to show that there 
exists a 77 > such that 

^^a{^u^t)<C{a{^t,^t)+N-'^) . (9) 

Therefore we shah define a functional a' : L^{m?^ X) ® i^(M3^,C) -> R such 
that ^a{'^n'-Pt) < a'(^t, It is convenient to split up a' = ag + ai and 
treat these summands separately (see Definition 13.51 and Lemma l3.6p . Then we 
will show that we can find a respective bound for a' {^t, ^t)- A nice feature of 
the method we use is that we can avoid propagation estimates on to get (j9]): 
Similar as in in [11] one can estimate the functional a'('^, (p) uniform in 4' and 
If in terms of </?) and N~'^ times some polynomial in ||<p||cx3, ||V(^||6, ;oc and 
< 00. Under the assumption ft & G get ([9]). 
The proof is organized as follows: 

(a) The respective estimates of the Uq i 2(5*, (p) shall be given in section |4l 
The procedure is similar as in HTl . It turns out that 
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• We get good control of u'q for all < /? < 1. 

• We get sufficient control of ai for /3 < f/3, only. 

• For a2 some of the estimates are in terms of ||Vigi'I'|| and some 
estimates require that /3 < 1. 

So the next step will be to show that || Vi^i'I'll is small: For later reference 
we shall give in section 14.11 an estimate of the interaction energy and an 
implicit estimate on HVigi^'H which holds for all < /3 < 1. The result 
will be used in section to control ||Vi(7i5'|| in terms of a{'^,ip) and 
N^^' for some 77 > under the restriction < /3 < 1. 

This enables us to finish the proof of the Theorem for /3 < 1/3 using 
Gr0nwall (section 231) • 

(b) After that we generalize the proof of the Theorem to the case /3 < 1. We 
already have good control of o'q and To make a[ controllable we use 
the microscopic structure to adjust a in such a way that the respective 
adjusted a'l is controllable. Therefore we need some estimates on the 
microscopic structure of the wave function. These are given in section [5TT1 
In section [5T^ we adjust a and prove, that the adjustment in fact changes 
the respective a[ such that it is controllable for all < /? < 1. Then we 
complete in section 16.41 the proof of the Theorem for < /3 < 1 . 

(c) Our final goal is to treat the case (3 — 1. To be able to use our results of 
the previous sections, we have to generalize our estimates on ||Vigi^'|| to 
the case /? = 1 first. It turns out that ||Vigi\E'|| is in fact not small for 
/? = 1: Some non- negligible part of the kinetic energy is used to build up 
the microscopic structure in that case. Nevertheless we are able to control 
the kinetic energy of qi'^ outside some small set around the positions of 
the other particles (section [6. 1|) . 

In the next section we show that this new estimate is in fact sufficient to 
recover our old estimates, in particular Lemma 14.41 (d). 

Similar as in (b) we now make another adjustment of a using again the 
microscopic structure. We adjust a in such a way that the respective 
is controllable also for /3 = 1 (section [6. 3p . 

Finally we complete the proof of the Theorem (section [6.41) . 

3 Preliminaries 

Notation 3.1 (a) Throughout the paper hats ^ shall solemnly be used in 
the sense of Definition [2J] (c). The label n shall always be used for the 
function n{k, N) = ^Jk/N . 

(b) In the following we shall omit the upper index ip on pj, qj , Pj, Pj^j- and'^. 
It shall be replaced exclusively in a few formulas where their (f-dependence 
plays an important role. 
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(c) We shall need the operator H^^ := ^f^' where h^^ is the Gross 
Pitaevskii @) operator acting on the j*'' particle. 

(d) In our estimates below we shall need the operator norm || • \\op defined for 
any linear operator f : L'^{M.^'^,C) -J> L2(R3^,C) by 

\\f\\op:= sup wfn ■ 
11*11=1 

(e) Constants appearing in estimates will generically be denoted by C. We 
shall not distinguish constants appearing in a sequence of estimates, i.e. 
in X < CY < CZ the constants may differ. 

First we need some properties of the objects defined in Definition 12. II 

Lemma 3.2 (a) For any weights m, r : N'^ — > we have that 

rhr = fnr = rm fhpj = pjfh fhPk = Pkfh . 



(b) Let n : — 7- MJ" be given by n{k,N) := y^k/N . Then the square of n 
( c.f. (Oi ) equals the relative particle number operator of particles not in 
the state (p, i.e. 

N 

(10) 

(c) For any weight m : — )■ and any function / : — >■ M and any 
J, fc-0,1,2 

fhQjf{xi,X2)Qk Qjf{xi,X2)rhj^kQk , 
where Qo := piP2, Qi G {^192,91^2} and Q2 :== qiq2- 

(d) For any weight m : — > M.^ and any function / : — > M 

[f{xi,X2),fh] = [f{xi,X2):PiP2{fh - m2) + piq2{fh - fhi) + qiP2{m - fhi)] 

(e) Let f e L^, g e L'^, h e L^ with h{x) = for all \x\ > 0. 

\\p,f{x,-xu)p,\\op<\\f\\i\W\L, (11) 
\\g(xj - Xk)pj\\op <||ff||2||'^IU : (12) 

(13) 

Proof: 

(a) follows immediately from Definition 12. 1[ using that pj and qj are orthog- 
onal projectors. 
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(b) Note that U^^^Ak = {0, 1}^, so 1 = J2k=Q Pk- Using also {qkf = qk and 
QkPk = we get 

AT N N N N N 

E - E E = E E ^'^p^ = E 

fc=l fc=l j=0 j=0 fe=l j=0 

and (b) follows. 

(c) Using the definitions above we have 

N 

fhQjf{xi,X2)Qk = ^ rn{l)PiQjfixi,X2)Qk 

l=Q 

The number of projectors qj in P/Qj in the coordinates j — 3,...^N 
is equal to I — j. The pj and with j = 3,...,N commute with 
Qjf{xi,X2)Qk- Thus PiQjf{xi,X2)Qk = Q]f{xi,X2)QkPi-]+k and 

fhQjf{xi,X2)Qk = ^ ■m{l)Qjf{xi,X2)QkPi-]+k 

1=0 

N+k-j 

= E Qjfi^i^^'^)'^^^ + j ^ ^)PiQk = Q]f{xi,X2)mj-kQk ■ 

l=k-J 

(d) First note that 

[/(a:i,a;2),nT,] - [/(xi, a;2),PiP2(^ - TO2) + Piq2{m - fhi) + qiP2{m - mi)] 
= [/(xi,X2),gig2TO] + [/(xi,X2),PlP2™2 +Pig2?7ii + giP2™i] • (14) 

We shall show that the right hand side is zero. Multiplying the right hand 
side with piP2 from the left one gets 

PlP2f{xi,X2)qiq2m + PlP2f{xi,X2)piP2m2 - PlP2m2f{xi,X2) 

+ PiP2fixi,X2)piq2'mi + PiP2f{xi,X2)qiP2fhi 

Using (c) the latter is zero. Multiplying ([T^ with piq2 from the left one 
gets 

Piq2f{xi,X2)qiq2m + Piq2f{.Xi,X2)piP2m2 + Piq2f{xi,X2)piq2'mi 
+ piq2f{xi,X2)qiP2mi - Piq2mif{xi,X2) 

Using (c) the latter is zero. Also multiplying with qiP2 yields zero due to 
symmetry in interchanging xi with X2- Multiplying (I14p with qiq2 from 
the left one gets 

qiq2f{xi,X2)rriqiq2 - qiq2mf{xi,X2) + qiq2fixi,X2)piP2m2 + 
qiq2f{xi,X2)piq2mi + qiq2f{xi,X2)qiP2fhl 

which is again zero, thus (1141) . 
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(e) To show ([TT|) we use the notation pj = \Lp{xj)){(f{xj)\ 

PjfiXj - Xk)pj ^\(piXj)){ip{Xj)\f{Xj - Xk)\(piXj)){ip{Xj)\ 

= \^ix,)))if*\^f)ixk){^ix,)\^p,{f*\^f)ix,). (15) 
It follows that 

\\p,f{x,~ Xk)p,\\op<\\ fWlMlo- 

With Young we get (ITTt . 
For (|12p we write 

\\g{xj - Xj)p^ll = sup |l.g(a;j - Xj)pj'^f- = 
11*11=1 

= sup i^.pjgix.-Xjfpj^-^ 
11*11=1 

With PT|) wc get For we have using Young's inequality 

-Xfc)Vp,|Up < sup |(V^,/i'(--y)V(^)|i/' 

i,2||l/2||i,, , , lY7,o|2||l/2 



< sup ll/i^i; 2|jl|._,|<i|V^|^ 
= ||/l||3||V(^||6,io 



□ 



When doing the estimates we wih encounter wave functions where some of the 
symmetry is broken (at this point the reader should exemplarily think of the 
wave function V^(a;i — x^)'^ which is not symmetric under exchange of the 
variables X\ and for example). Therefore we want to formulate some of our 
results for wave functions which are not symmetric under exchange of any two 
variables Xj, Xfc. This leads to the following definition 

Definition 3.3 We define for any finite set M C N the spaceHM C L^(R^^,C) 
of functions which are symmetric in all variables but those in M 

* e T-Lm ^*(a;i, . . . , a;j, . . . ,a;fe, . . . , xn) = ^{xi, . . . ,Xk, ■ ■ ■ ,Xj, . . . ,xn) 
for all j,k ^ M . 

and the operator norm \\ ■ \\m on Hm ^ i^(R^^,C) by 

\\A\\m-^ sup ((X,^*))- 

*,xe-H.vi;ll*ll=llxll=i 



With Definition 12.11 we arrive directly at the following Lemma based on 
combinatorics of the pj and qj : 
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Lemma 3.4 For any / : — > Mq and any finite set Ma C N with 1 ^ Ma 
and any finite set jMfc C N with 1,2 ^ Mb there exists a C > oo such that 

2 



<C7||/H*||^ forany^£nM^,N>\Ma\ (16) 

<C7||/(H)2*||2 /or any^e^A,,, iV> IXfcl . (17) 



Proof: Let 'J G "Hai,, for some finite set 1 G A^a C N. For (fTO)) we can write 
using symmetry of 5* and Lemma 13.21 (b) 



N 



k=l 



N-\Ma\, 



N-\Ma\ 
N 



((*,(/)V*)) 



TV 

Similarly we have for 5* G Hm 



1/91*1 



= ((*,(/)'(^^)'*)>>A^-' E ((*,(/)''Z.m-*)) 

> "-i^i'".:i^i-" ii/,..,.i.|i 



iV2 



and the Lemma follows. 



□ 



Our next step is to define the functionals a'j, j — 0,1,2 which, as explained 
above, control the time derivative of a{^t, 'fit)- 

Definition 3.5 Using the notation 



Zf}{xj,Xk) := Vp{xj - Xk) - 



2a 



2a 



J iV-1 
we define functionals i 2 • i^(IIJ^^,C) — !■ hy 



N -I 



(18) 



a'i(*, ^) ^2N{N - 1)3 (((*, Zp{x^,X2)piP2{n - ^2)*))) (19) 

a'^{-^,v)^AN{N -l)'^{i^,Zp{xuX2)piq2{n-nim) ■ (20) 

Lemma 3.6 For any solution of the Schrddinger equation and any solution 
of the Gross- Pitaevskii equation ipt we have 



dt 



(21) 
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Proof: For the proof of the Lemma we shall restore the upper index ipt to 
pay respect to the time dependence of n*^* . We have for the time derivative of 
the first summand of a 

at 

GP CiVt 



Using Lemma 13.21 (d) it follows that the latter equals 

-2tN{N -l){{^i't,[Zp{xi,X2),Piq2{n'^' -nf')]^t)) ■ 

Since is selfadjoint this is a[ + q!^. 
For the second summand of a we have 

- i^Vt.Am) - {ft, [(/i^^ - a\^t\'), h'^P]^,) 

- {VuH^t\\h('P]^t) . (22) 

Hence 

A|£(vI;,)_fGP(^^)|<^,(^^^) (23) 
which proves the Lemma. 

□ 



4 Control of the a' for /3 < 1/3 

As a first step we shall prove the Theorem for scalings /3 < 1/3. It is not 
surprising that this case is special: /3 < 1/3 means that the mean distance of 
two particle is much smaller than the radius of the support of the interactions 
as N ^ oo. Thus we are in a regime where for |\l/p-typical configurations many 
of the interactions overlap and one arrives directly at a mean field picture. 

Our goal is now to control the functionals ag 2 i'^ such a way, that we can 
conclude that a(\E'(,(/3t) is small via Gr0nwall. Remember that for the ip^s we 
are interested in 1 1 9^ 1 1 c>o : 

and II Viysjle, ioc > W^vW are bounded (see Definition [231) • 
Hence it is sufhcient to estimate a'^ j — 0, 1, 2 in terms of a + N^^ for some 
r] > times an arbitrary polynomial in ||<i5||oo, ||V(/?||6, /oc and ||A(p||. So we 
define 
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Definition 4.1 The set T of junctionals L^(M^,C) — > R"*" is given by 




R such that 



And we want to show that for some IC £ some 77 > and j — 0,1,2 



uniform in (*,^) G L^{R^^ ,C) (gi L^{R^ ,C). 

Rewrite a'l 2 multiplying Zjj with 1 = pipi + Piq2 + qiP2 + qiQi from the 
right. Lemma |321(c) shows that 



is selfadjoint and so is piq2Z j3(xi, X2)piq2{n — ni). 

The operator qip2Zfi{xi, X2)piq2in — Hi) is invariant under adjunction plus si- 
multaneous exchange of the variable xi and X2- Thus the sandwiches with ^ of 
the respective operators are real and using Lemma 13.21 (c) 



The task of this section is to estimate all the terms on the right hand sides 
of ([24|) and (j26|) as well as q;q. This will be done in Lemma [4.41 below, but let 
us first give some heuristic arguments why they are small 

• From a physical point of view (p4)) and ((26)) are the most important. Here 
we use that in leading order the interaction and the mean field cancel out. 
Note first that one of the mean field parts in Zp is zero: pjqj — 0, thus 
Piqia\ip(xi)\pi_p2 = 0. For the interaction part in Zp we use formula ([T5|) : 
PiVi3{xx — X2)pi = Vj3 -k \ip\'^{x2)pi- Since is d-like and its integral is 
a/N the latter is « a|(pp(a;2)pi, cancelling out most of the mean field part 
in Zp. Thus ^ and ^ arc smaU. 

• Since there is neither a pi nor p2 on the left side of Vg in (p5|) the latter 
seems at first view to grow with N. It is indeed not small for general 
non-symmetric normalized If all the mass of ^' was concentrated in 
an area where xi « X2 (which is of course not possible for symmetric 4"), 
then (PS)) would in fact grow with N. So to estimate we have to use 
symmetry of 'J. The trick is to estimate 



a' <ICi^)ia{^,ip) + N-'>) 



PlP2Zl}{xi,X2)piP2{n - "2) =PlP2{n - n2)Zi3{xi,X2)piP2 



a[{^,ip) ^4N{N ~l)^{{{^,piq2{n-i-ni)Zfi{xi,X2)piP2'i'))) 
+ 2N{N - 1)3 {i^H, qig2(n-2 - n)Zp{xi,X2)piP2'^))) 
^) =4A^(A^ - 1)5 {{{^,pipiZp{xi,X2)piq2{n - Hi)*))) 

+ m{N - 1)3 (((«', (7192 (H-i - n)Z0{xi,X2)piq2n) ■ 



(24) 
(25) 
(26) 
(27) 




)qi'^,^qjZpixi,Xj)piPj'i')) 

i=2 



N 
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which is for symmetric XE" equal to (|25p . Note that in view of Lemma 
(b) (n_2 — is of order N~^. Using Cauchy Schwarz we have to 

control 

N 

2<k<j<N 

The first line has only N summands. Since ||V(3||i is of order A^"-'^ this line 
is small if ||Vs||oo ^ 1 which is the case for /3 < 1/3. 

For the second line we can write 

Y ((\/ Z[}{xi,Xk)pk\J Zp{xi,Xj)piqj^, 

2<k<j<N 



^ Zfs{xi,Xj)pj^ Zp{xi,Xk)piqk'^)) 



Now we have enough projectors p on both sides of the interactions to be 
able to integrate them against (p (c.f. Lemma [321 (e)) and it is clear that 
it at least does not grow with N. Below we shall show that for (3 < 1/3 
and (pS)) are in fact bounded by a + for some rj > 0. 

• To show that (l?7l) is small one needs to use smoothness of ^I'. We do so in 
the following way: We introduce a potential Up-^^p with moderate scaling 
behavior and the same norm as Vp. This is done in definition l4.2l The 
scaling /3i of J/^i,^ will be chosen such that (l?7l) with Vg replaced by f//3i,^ 
can be controlled. The difference — (l27t with replaced by Vg — Upj^^p 
— we integrate by parts. It follows that p7l) can be controlled in terms 
of II Vigi^'ll which is small in view of Lemma 14.61 



Before we prove the Theorem let us first do the preparations needed to 
control (P7| as explained right above, i.e. introduce the smeared out interaction 

Definition 4.2 For any < /3i < /3 < 1 and any Vg € we define 



y 1^ " yr'my) - Up,Ay))d'y (28) 

Lemma 4.3 For any < /3i < /? < 1 and any G V/j 

Ah =Vp - Up,,p , Up.^p e Vp, , (29) 

Wh^A <CN-^~^^/' , \\hp,AU < CN-\\nN)^/^ , (30) 

mp,A\i <CN~'-P^ , \\Vhp,A\ < CN-^+P/' . (31) 
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Proof: The Lemma gives in fact a well known result of standard electrostat- 
ics: can be understood as a given charge density, Up^^p was defined in such 
a way, that the "total charge" is zero. Hence the potential /i/3,^i is constant 
outside the support of C//3i,^ in our case, by definition {hp^fj^ix) = decays like 
as X — )■ oo) this constant is zero. 

The first statement of the Lemma is almost trivial 

A/i(x)= j A\x~y\-\Vp{y)-Up,Ay))d''y 
=Vp{x) - Up,^p{x) . 

By definition Ufs.^p £ Up,, \\Up,^p\\i = \\Vp\\i and limN^oo N^^^'^^WUp.^pWoo < 
00. Since Vg € V/3 we get that limAr^oo ^^^''(||C^/3i,0||i — ci/N) < oo implying 
Upi,p & Vp, which completes the proof of line p9|) . Since ||C/^i,;3||i — \\Vp\\i 
and Ah{x) = for x > iV^'^i it follows that h = for x > N~^K Further- 
more \hp,^p{x)\ < CiV"i|a;|"^ and \Vhp,^p{x)\ < CiV"^|x|"^, implying the two 
equations in line (PU)) as well as the first equation in (1511) . 
To get the second equation in (j3ip we write for Vhp^^p 



^^{Vp{y)-Up,Ay))d'y 

^y^^my)~Up,.p{y))d^y 

{\\VpU + \\Up,,p\u 



^hp,^p{x) = / t\^-y\<N-f< 



\x-y\>N-f ' 



F - y. 

x~y 



X 



Using Young's inequality it follows that 



1 V/l^i,^||oo 



< 



(•) 



\-\>N'f>- 



(•) 



i\\Vp\ 



\Up,,f3\ 



Since \\^hp,^p\ < CN~'^\ 



\^hp,^pf <C 



N-'^lxl-^'dx + CN-^I^WVhp.j^W 



□ 



We now arrive at the central point of this section which is estimating 
(fTS]). a'l (dill) and ([25])) and a'2 and ^) following the strategy explained 
above. 

Lemma 4.4 Let C N with 1,2 ^ M and m ; ^ M+ with m < n~^. 
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(a) Let < /3 < 1, / G L°° . Then there exists a C < oo such that 

li^Jix.m - {^Ji^M < 2||/||ooCa(vI/,^) 
for any ^ G Hm- 

(b) Let Q < P < I, Vp £ Up with limAr_>oo Va//3i,^i|li - a|| < oo for 
some 7] > 0. Then there exists a K. ^ T and a rj > such that 

N\\pip2Zi3{xi,X2)qiP2m\\M < l^{v)\\v\\ooN^'^ 

(c) Let < /3 < 1/3, Vp CzVp. Then there exists a /C G and a rj > such 
that 

N\i^piP2Zp{x,,X2)mq,q2x}\ < /C(^) ((((*, n*)) ((x, nx»)'/'+A^-'') - 
for any e Hm- 

(d) Let Q < P < 1, Vp &Vp. Then there exists a K. J- and a rj > such that 

N\{{^piq2Zp{xi,X2)mqiq2^}\ </C(^)(||^||oo + (/"iV)'/'||V^||6,ioc) 

{i'f,m)) + \\Wiqin^ + N-'^) . 

for any symmetric ^ (i.e. 5* G "Hgj. 
Proof: 

(a) Using 1 = pi + P2 and Lemma 13.41 

mjix^m^{ip,f{x)ip)\ 

= |((vl/,pi/(xi)pi*» - {^J{x)ip} + 2n{i^,qif{x,)pi^}) 
+ {{^,qif{xi)q,^))\ 

<(l-||piVl'||2)(^,/(x)^)+2|K(((*,qin-l/V(a;i)nyV*))' 

+ i^,q,fixi)qi^)) 
<a(*,^)||/||oo + Ca(vI/,(^)|l/|U + «(*,¥')ll/lloo . 



(b) In view of [ 

N{{^,piP2Zp{xi,X2)qiP2m'^)) <N\\piP2Zp{xi, X2)qiP2\\op\\qim'^\\ 

<CN\\piP2Zpixi,X2)qiP2\\op ■ 

\\piP2Zp{xi,X2)qiP2\\op can be estimated using piqi — and (fTS)) : 

\\piP2{Vp{xi - X2) - - J^^\^{x2)\^)qiP2\\op 

2a . , 2 



= \\piP2(Vp{xi - X2) - ^ _ ^ '^{x{)\ P2\\op 

<\\piP2 [{vp * wr)ixi) - ^i^(xi)p) 
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We introduce qn ■= \\Vi3\\i Since Vg G we can find a 77 > such that 

<||pi {{Vp - a^S) * + CN-^m^Wl 

<Moo\\{Vp - a^S) * l^ni + CN'^Ml . 

Let h E L°° he given by 

Ah{x) = Vi3{x) — ajv<5(x) . 

As above (see Lemma [4.3p we have that h{x) — for x > RN^^, where 
i?iV"^ is the radius ofthe support of and that \\Vh\\i < N^^^^. Partial 
integration and Young's inequality give that 

||(F^-a^<5)*|^ni =||(V/.)*(V|^ni| 

<||V/i||i||V|(^n| < 2||V/^||i||V^|| ll^lloo . 

Hence 

\\P1P2 ({Vp * l^n(xi) - P2\\op < Cll^lloo^-^dlVv.!! + ll^lloo) 

(32) 

for some 77 > and (b) follows, 
(c) Let us first find an upper bound for 

II <ljf{xi,Xj)?pipj^\\^ 
jeM 

for general r : ^ M+, / e n and * e nM with 1,2 ^ M. Using 
Lemma 13.41 

\\J2qjf{x,~Xj)?p,p,n' (33) 
= X! i^PiP3^Ji^i-^3hj1kf{xi-Xk)pkPir'i} 

+ 51 ~ ^jhjfi^i - Xj)piPjf-^} 

< X! V7(2;i - Xk)pj^/l{xi ~ x-j) 

\/]{xi - Xk)pk\/f{xi - Xj)piqjr-^} 



<N^\\^f{x^~X2)p^\\% ||g2f *||2 + 7V||/^||i||^||Ll|r ||^ 
<^'ll^rooll/ll?l|nr*f +iV||/f||^||L sup \r{k,N) 

l<k<N 
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We now come back to (c) . We define for some e > we shall specify below 
the functions m"''' : ^ R+ by 

m"(fc,iV) := TO(fc,7V) for k < N^'" ; m''{k,N) = for k > N^'^ 

and m!' = m — m"-. Note also that P2\'fixi)\'^q2 — pi\f{x2)\'^qi = 0. It 
follows that (c) is bounded by 

iV|((*,pip2ya(a;i - X2)m''gig2x))l + iV|((*,PiP2ya(a;i - X2)m''qiq2x))\ ■ 

(34) 

Defining also 5 : ^ M+ by g(fc,iV) = 1 for fc < N^-^, gik,N) = for 
k > N^~'^ we have that m" — m'^g and the first summand in equals 

N{{'i>,g2PiP2Vi3{xi - X2)qiq2m°'x)) 

^N{N -\M\- 92PlPjVp{xi - Xj)q,q,m'^x} 

<ll hqjVpixi - Xj)pipj^\\ ||m"gix|| . (35) 

In view of ([55)) and Lemma the latter is bounded by 

A^llv'll'ooll^^lli ll?^2x||+iVi/2||y^|| ll^ll^ sup \g{k,N)\ 

l<k<N 

Using Lemma 13.41 the second summand in p4p is bounded by 

Ni^,PiP2f{xi , X2)qiq2m''x)) 

^N{N-\M\ - Y {ff^lY'^PiPjfixi.xMiq.im'Y'^x} 

<C\\ Y q,f{xi,x,)im'^y^'p^p,n ll(^'')'/''ZiXll 

<C\\ Y qjf{xi,x,){miy/^p,p,n ^Mx^) ■ (36) 

Since m{k,N) < y/WJk one has supi<fc<jv \{m^{k,N)Y''^\ ^ N^'^ and 

11(^^)1/2^*11^ < CWnl'^'^f < Ca{-^,ip)+CN-^/^ . 

Thus ([33]) and Lemma 13.41 imply that the second summand in (pi)) is 
bounded by 

Cv/^(^(iV||^||L||/||i V^^)+N''^\\f\\ MooN--'^) 
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Summarizing we have that 

^l((*,PiP2/(a;i, 2^2)^91 '72l'»| <C\\ip\\l,y'a{x,M'^,<P) 

Choosing < e < (-l + 3/3)/2 and 77 < min{-l + 3/3 + 2£,£/2} (c) follows. 

(d) Let U 3j be given by definition 14.21 As a first step we show that for 
< /3i < /3 < 1 and for /i/3i,^ given by Definition 14.21 there exists a. K, E T 
and a 77 > such that 

N{{^,piq2{Vp{xi - X2) - Up.jixi - X2))fhqiq2^)) (37) 

</C(^)(||^||oo + ||V(/.|| 6,/oc 

{i^,m))+N-^^\\V^qi-^f + N-'^) . 

Lemma 14.31 and integration by parts gives 

N ,piq2{Vp{xi - X2) - Up,.p{xi - X2))mqiq2^} 

=iV|((*,giP2mi(Vi/i^,,^(a:i -a;2))g2Vigi«'))| (38) 
+ N\iViqi^,p2{Vihp,^fi{xi - X2))qiq2m^))\ ■ (39) 

For p8|l we write 

N 

m <N{N -i)-^\i^>,Y,qiPkfh^'y^hp,,p(xi-xk))qkyiqim 

k=1 

N 

<C||^gfc(Vi/i/3i,/3(xi -a:fc))9ip/cmi*|| HVigi^-H . 

fc=2 

For the first factor we have 

N 

II '^qk{'^ihp^,p{xi - a;fe))gip/cmi*|p 

k=2 

<2\{{^, qiPjmi{Wih0,^p{xi-Xj))qj (40) 

2<k<j<N 

qki^ihp^.pixi - Xk))qiPkfhi^}\ 
+ |((*, giPfemi(ViV,^(xi -Xfe)) (41) 

2<k<N 

qki^ihp^.pixi - Xk))qiPkmi^}\ . 
Using that Vi/i/3^,^(xi — Xk) = — Vfeft,^j,^(xi — Xk) and integrating by 
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parts gives 

<N'^\i^ ,qzqiP2mi{\I ■ih(i^^f}{xi - X3)){V2hp^^p{xi - X2))q2qiP3'fni^))\ 

<7V^|((V2V3?3gip2TOi^',/l^i,/3(a;i ~ X2)hj3^,jj{xi - X3)g2giP3Wl*))| 

+ N'^\{{^3q3qiP2mi'^, hf3^^f3{xi - X2)hp^^p{xi - X3)V 2q2qiP3mi^}\ 
+ ^^|(('?3giV2P2"ii*, hp^^i3{xi - X2)hp^,i3{xi - a;3)q2'?i Vapafni *)) | 

+ ^^|((93giP2"T-l*, hp^^plxi - X2)hi3^^p{xi - X3)V 2^ 3q2qiP3fhi^}\ 

<iV^||V3g3gimi^'|| Whp^^plxi - X2)V 2P2\\op\\hp^,p{xi - x:i)ps,\\op\\q2qimi'^\\ 

+ ^^||V3(3'3gimi*|| \\p2hl3^,l3{xi - X2)||op||/l/3i,/3(xi - X3)p3||op||V2q2'7l"ll*| 
+ A^^||i73'7l™l*|| \\hl3^,l3{xi - X2)V 2P2\\op\\hi3^^p{xi ~ X3)V3P3||op||g2<7l"ll*| 

+ ^^Ik3'7i™i*ll Whp^^pixi - X2)p2\\op\\hf}^^p{xi - a;3)V3P3l|op||V2q2'7i"ti*| 
Note that 

(7iV2q2™* ^qiP2^ 2q2ffi'^ + qiq2W2q2fh^ 

=91^2^1 V2(?2* + qi'mq2W 2q2'^ ■ 

With Lemma [3.41 it fohows that 

||giV2g2rn*|l < C|lV2g2*|l ■ (42) 
This and Lemma 13.21 (e) give 

m<ciN^v^q^n'\\h\\iMi+N^(^,mnq,n^^^ 

with Lemma 14.31 it fohows that 

m < c{N-^^^\\i\\\7,q,n' + i^smwin'w^fWhoci^nNr/^) . 

For (j4T|) we have 

iB) <A^||miqi^'||2||p2(Vi V,/3(a^i - X2))\\lp 

It fohows that ([55)1 is bounded by the right hand side of (I57|) . 
To control ([5^ we use once more that 

Vihi3^^l3{xi - X2) -V2/l0i,/3(a;i - X2) 

and integrate by parts 
& <|((V2P2Viqi^',/i/3i,^(xi - 2;2)gig2m*))| 

+ |((Vigi*,p2/i^i,/3(a;i - X2)qiS/2q2m^))\ 
<||Vigi^'||||/i^i,^(a;i -X2)V2P2||op||gi 92^*11 
+ ||Vigi*|l \\p2h0,,p{xi - a;2)||op|lgiV2g2m«'|| 

<q|Vigi*|| (ln7V)i/3||V(^||e,,„, + iV-ft||(^|U||Vigi*||) . 
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and ([57)1 follows. 

Now (|37p together with Lemma 14.31 gives 
\Ni^piq2Zp{xi,X2)mqiq2x))\ < C NH^) ,piq2{UQ^p{xi ~ X2)rhqiq2'^))\ 
+ CN\({-9 ,piq2jj^\^{xi)\^mqiq2'f))\ 

+ CN\{{'i',piq2{Vf3{xi - X2) - Uqj{xi - X2))mqiq2^)}\ 
<CiV|lg2*|| WpiUo^fsixi -X2)||op||mqi(72*|| 
+ C\\q2'f\\ ||<y9||^||m(7ig2*|| 

+ /CMdl^lloo + II V^||6,z„e(i„Jv)V3)(((*, m + II Vigif IP + . 

Since by definition A^||[/o,^|| < C we get with Lemma that 
N\\piUo,i3{xi,X2)\\op < C\\ip\\oo and (d) follows. 



4.1 Controlling the smoothness of \E' 

To get good control for the term in Lemma 14.41 fd) we need in addition a bound 
on II Vigi^'ll in terms of a(^', (fi) + o(l). || Viqi^'H is a part of the kinetic energy 
of 5" so the idea is to show that the other contributions to the energy are in 
leading order cancelled out by and thus ||Vigi5'|| « f (5')— f^-^ < a{'^, ip). 
In the next Lemma we estimate as a first step HVigi^'H in terms of a and the 
difference between interaction and effective mean field. Note that the following 
Lemma holds for any < /? < 1 and shall be useful when we generalize to /? = 1 . 
We shall use this estimate in the following section to control ||Vi5i^'|| in terms 
of (p) + 0(1) restricting to < /3 < 1. For later reference we shall also show 
that the total interaction energy || •\/V^(a:i — X2)^|p stays bounded. 

Lemma 4.5 For any < (3 < 1 there exists a JC Cz J- such that 



N\\^Vpixi~X2)n^ <ai^,ip) + + 2PII00 + 2a||^||L (43) 

llViqi^-lP <((^', (2a|^(a:i)p ~ (N ~ l)Vp{xi ~ X2)m 



- f '^^(^) =||ViVl/||2 - IIV^IP + {N- !)((*, Vp{x, - X2m (45) 
+ Aixim - 2a|^|2 + Aixi)ip) . 

Since \£{'i>) - E^^ {(p)\ < a(*,(p) 



□ 



(44) 



uniform in {^,ip) e L^{K^^ ,C) (g) L^{M.^,C). 



Proof: 



Using symmetry of 5* 
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and (1131) follows. 

For (ill) note that 



I ((Vi<zi*, Vipi*)) I =1 ((qiM', Aipi*)) I 

= \iq^<i>,n-^'^A,p^ny^m <I|A^|| ||% '^'91*11 p2^V*ll ■ 

Thus with Lemma [3.41 and using that \J^^ < '^\fi th.aX 

|((Vigi^', Vipi*))| < C\\A<p\\a{^,ip) , (46) 

implying 

llViVl/f - llVipiVflp > ||Vigi*f - C||A^||a(vI/,^) . 

Since 

llViPiVl/f = ||piVl/||2 ||V^||2 = (1 _ ||qiVl/||2)||V^||2 (47) 

it follows that 

|lVi*||2 - ||V(^|p > llViQi^lP - C||A(p||a(*,(y5) - ||V¥j||2q(*,^) . (48) 

Using this and Lemma WM (a) setting f = A + 2a\(p\'^ we get with (j^Sl) 

£(*) - £«^((^) >||Vigi*|p + ((*, {{N - l)Vp{xi - X2) - 2a|(^(xi)n*)) 
- C(P||oo + 2a||^||^ + IIA^II + \\W^\\^)a{'f, ^) . 

Since 

IIV^IP - (V^,Vy.> = -((^, A(^) < IIA^II 

we get (b). 

□ 

4.2 Controlling ||Vigi^|| for /3 < 1 

With Lemma HTSl we have found a bound on || Viqi^'H for all < /3 < 1 in terms 
of effective mean field minus interaction. Note that in view of Lemma l4.5l fa) the 
interaction is bounded. The mean-field term is bounded by ((5', |<(5p^)) < H^'H^ 
and we have for any < /3 < 1 

||Vigi*||2</C((p)(a(*,^) + l) . (49) 

But — as explained above — we want to show that || Vigi^'H is small using that 
the effective mean field cancels out the leading order of the interaction. 

Lemma 4.6 Lei < /3 < 1, Vg G Vp and to : ^ M+ with 

Then there exists a rj > and a JC Cz J- such that for any 5* G Hij) and any 

(^G L2(R3,C) 
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(a) 

N\i^,piP2Vp{xi-X2){l~PiP2)m < IC{^)H^,^)+N~'^) . 

(b) 

i^{2a\^{x,)\^) -{N- l)Vp{x, - < /C(^)(a(*,(p) + iV"") . 

(c) 

II Viqi^-lP < ^((^)(a(*, ^) + N-^) , (50) 

Proof: 

(a) Since 1 — PiPi = Pi<l2 + 91^2 + 9192 it suffices to show that 

N\i^,PiP2Vp{x^-X2)piq2m </CM(a(*,^)+7V-'') (51) 
N\{^ ,p^P2Vp{xi - X2)qiq2m <K.{ip){a{^,^)+N-'^) (52) 
For (|5ip we use Lemma 13.21 (c) and (e) as weh as Lemma 13.41 to get 

m ^N\{-^,n-^'^p^p2Vp{x^ - X2)n\'^piq2m 
<iV||n^'/'*|| WpMxi - a:2)pi||op||n2^'92*|| 
<C||^||La(*,¥') ■ 

For < /3 < 1/3 ([5^ is Lemma (c) for the special case rh = 1 (recall 
that pi\(p\'^ {x2)pi = P2\'f\^{xi)p2 = 0). To generalize to < /3 < 1 we use 
Definitions:^ 

N\{^,piP2Vp{xi- X2)qiq2'^))\ < N\{{^,piP2Ui/4,^p{xi ~ X2)qiq2'i'))\ 

+N\i'f,piP2{Vfs - Uyij){xi ~ X2)qiq2'f))\ 

Since J7i/4,/3 € V1/4 (Lemma |4.3P the first summand has the right bound 
(Lemma 14.41 (c)). To finish the proof of the Lemma we verify the following 
formula, which shall be also of use later on. 



N\{{^,PiP2{Ahi/i,l3){xi - X2)qiq2m < + ||V(^|U)iV-'' (53) 

to get ([5^ in full generality. Integrating by parts we get 

7V|((*,pip2(A/ii/4,^)gig2^'))| 

< iV|((*,pip2(Vi/ii/4,^(a;i - X2))Viqiq2*»| (54) 
+ A^|((VipiP2^',(Vi/ii/4,,3(xi-a;2))<?ig2*))| ■ (55) 

To control ([M| we use similar ideas as in the proof of Lemma 14.41 

AT 

dSl <C\\Y,<lji^ihi/AA^i - x,))pipj^\\ ||Vigi*|| . 

J=2 
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The second factor is bounded (see (H^ ). For the first factor wc write 

N 

= Y {{'^,PiPk{'^ihi/4,i3{xi - Xk))qkqji'^ih{xi - Xj))pipj'i)) (56) 

N 

+ 5I((*'Pi?'j(^i'*i/4,/3(a;i - a;,))VPj*)) ■ (57) 

([55]) can be estimated using Lemma 13.21 (e) and Lemma 14.31 

(ISni) = ^ ((*,pigj(Vi/i(xi - Xj))pjPk(yihi/4^f;{xi - Xk))piqk^)) 

<iV2||p^(V,/,(a:i - x,))p,||2p = N^^\\l\\W4h,^4j3\\i 
<CN^^\\tN-'/' = CMlN-'/^. 

([57)1 is bounded by 

A^I|V/ii/4,M2;i-a;j)Pi|lop < Af||V/ii/4,^(a;i-a:,)ini^||L < CN-'+f^Ml, . 

It foUows that ([M)) is bounded by IC{ip)N^^ for some 77 > 0. 
Integration by parts yields for (|55|) 

^ <N\{{Aipip2^,hi/4j{xi - X2)qiq2^}\ 

+ A^|((ViPiP2^', /ll/4,;3(a;i - X2)Vi(?iq2^'))| 

<A^||Aipi^'||||p2/ii/4,;3(a;i - a;2)||op 

+ A^||Vipi*||p2/ii/4,;3(a;i ^2 )\\op ||V2g2*|| 

<N\\Aip\\ ||(p||oo ||/ll/4,^|| 

+ 7V||V^|| ii^ii 00 11^1/4, p\\ l|V2g2«'|| 

with Lemma |43] and gg]) we get ((531) and ([52]) follows. 

(b) We get using selfadjointness of the multiplication operators 

((*, (2a|^(a:i)|2 - (TV - l)V0ixi - x^)) *)) 

= ((piP2*, {Mvi^i)\^ -{N- iWxi - X2)) piP2*)) (58) 

+ 23?((pip2«', (2a|^(a;i)p - (iV - l)V>(xi - xa)) (1 -P1P2)*)) (59) 

-(N- 1)(((1 -P1P2)*, V>(xi - a;2)(l -P1P2)*)) (60) 

+ 2a{{{l-pip2)^,\ip{xi)f{l~PiP2m ■ (61) 
([55|) is controlled by formula 
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Using symmetry of ^' and p2\'f{xi)\'^q2 = 0, the absolute value of ([5^ is 
bounded by 

PiP2nl^^^>, 2a\ip{xi)\'^n^^^^qip2'^ 

+ 2{N - 1) |(piP2*, 2Vfl{xi - X2){1 - PlP2)*)| 



The first line is controlled by Lemma 13.21 (e) with Lemma 13.41 and thus 
bounded by ||(^|j^Q!(\l/, if ). The second line is controlled by by part (a) of 
the Lemma. Thus we can find a JC € J-^ such that 



Positivity of V/j implies that line (|60p is negative. (|5T|) is bounded by 

\\ip1q2 + qiPi + qmM^ML < C\\ip\\l,a{^,ip) 
and we get (b). 
(c) follows from (b) with Lemma 



□ 



4.3 Proof of the Theorem for < /3 < 1/3 

With Lemma [4.41 and Lemma [4.61 we can now estimate a'j for j — 0,1,2 for 
/3 < 1/3. We arrive directly at the following Corollary. 

Corollary 4.7 Let < (3 < 1/3, Vg G V/3. Then there exists a K, E T and a 
rj > such that for any symmetric 5*, any if and any j = 0,1,2 

!«;■(*, ^)| < (||(^||oo + (lniV)i/3||v<^||6,,„,+ ||i||^)/C((/.)(a(*,(^) + . (62) 

The Theorem follows for < /3 < 1/3 via Gr0nwall. 



5 Generalizing tol/3</3<l 

For /? > 1/3 the radius of the interactions is much smaller than the mean dis- 
tance of the particles, so the interactions do not overlap for typical configurations 
any more. Still the interaction of our A^-body system can be approximated by 
an effective mean field, let us explain why: Whenever two or more particles come 
very close the wave function is affected on a microscopic length scale by the in- 
teraction of the particles. Neglecting three particle interactions the microscopic 
structure can be constructed from the zero energy scattering states of . This 
can be made more clear with the following heuristic argument: In principle one 
could control the time evolution of by generalized eigenfunction expansion. 
The relevant eigenfunctions are on a microscopic scale approximately given by 
this zero energy scattering state. 
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By this microscopic structure the effect of the interactions is smeared out. 
For the smeared out effective interactions the old mean field argument holds. 
Therefore the first step when generalizing the Theorem is to say something 
about the microscopic structure of the wave functions. 

Below we shall use our estimates on the microscopic structure in two places. 
On the one hand it makes a better control on and thus a better control of 
a.{'i>i,(pt) for /3 > 1/3 possible. On the other hand for /3 = 1 the interaction 
energy of \E'( can only be controlled in a suitable way when the microscopic 
structure of is known. 

5.1 Microscopic Structure 

For technical reasons we shall make a smooth spacial cutoff of the zero energy 
scattering state. We do so by defining — depending on. Vp — a potential 
Wj3^ G Uj3^ with softer scaling behavior /?i < /3 in such a way that the potential 
Vj3 — Wj3^ has scattering length zero, i.e. the zero energy scattering state of 
Vj3 — Wp-^ is outside the support of Wp-^ equal to one. 

Definition 5.1 Let < /3i < P < 1, Vp £ V/s and a]v/(47r) be the scattering 
length ofVp/2. We define the potential W^^ via 

iV^A, for N~^^ <x < Rfs^; 



is the minimal value which ensures that the scattering length ofV^ — W^^ 

is zero. 

The respective zero energy scattering state shall be denoted by f/3i,/3, i-c. 



(63) 



we shall also need 

9l3i,l3 = 1 - //3i,/3 • 
Lemma 5.2 For any < 0i < p < 1, e 
(a) 

Wffjp,,^ e V^, , hm N^\N\\Vpfp,,0\\i - a| < oo . 



(b) 

Ik/9,1 lis <CiV-i (In iV)i/3 
(c) For any e and any * e L'^{M?^ ,€.) 

I|l|x,-..|<«,, Vi*f + (V>, - Wp,){x^ - x^m > • 
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Proof: 

Let jfi be the zero energy scattering state of the potential V3/2. 
Before we prove the different points of the Lemma, let us give some properties 
of //3i,/3 first. 

Since Vg is positive and has compact support of radius r it follows, that 
1 > j0{x) > 1 - aN/i^TTx). 

Note, that the potential Wp^ is zero inside the Ball around zero of radius 
N~^^, hence //3i,/3 is inside this Ball a multiple of jjs, i.e. there exists a if^j 
such that 

^/3i//3i,/3(a;) = jffix) for X < N-^' , 

in particular the derivative dxKp^fp^^p{x) is positive for x = N~^^ . 

For X > N~^^ the //3i,/3 "sees" a negative potential, namely —Wfj^. Due to 
spherical symmetry //3i,/3 is in that region a linear combination of an in- and an 
outgoing spherical wave with momcntiim fco = ya^^N^^ ■ 

By definition Rp^ is the minimal value which ensures that the scattering 
length of — W^^ is zero, i.e. the minimal value which ensures that //3i,/3 is 
constant for x > R^^ . In other words Rp^ is the minimal value satisfying 

dMfp,M)\^^^^j,^^ = 0. 

It follows that //3i,/3 is a positive function and that d^x\fi3i,0 ^ 0. 

Finally we have to control the constant K^^ which ensures that fpi,p{x) = 1 
for X > Rp^: Since Wp^ is positive, that Kp^d^fpi^p < d^jp and Kpjp^^p < jp. 

Since fi3i,p{x) = 1 for x > Rp^ and lim.x ^ 00 ji3{x) = 1 we get that Kp^ < 1. 
On the other hand we have, since 

1 > f{N-^') = jp{N-^')/Kp, > (1 - aN/{4TrN-^'))/Kp, (64) 

that 

(1 - aN/i^TTN-^')) <Kp,<l. (65) 
(a) Using that //3i,/3 > jp it follows that 

\9l3i,0{x)\ < aw/i'inx) . (66) 

Thus 

I'N'^ POO 

N\\gp^,0Vp\\i \gp,^p{x)V0{x)\x^dx + N \gp^^p{x)Vp{x)\x^dx 

Jo JN-l^ 

Since Vp G Vp it follows that there exists a ry > such that limjv-)-oo -^''1 1|^||~ 
a| < 00 and we get the second statement in (a). 

The scattering length of the potential Vp — Wp^ is zero. Thus J{Vp{x) — 
Wp,{x))fp,,p{x)dx = and also limN^oo N'^{N\\WpJp,,p\\i - 2a\\ < 
This impUes in particular that Rp^ is of order N~^^ thus Wp^fp^^p e Vp^. 
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Since gp^^pix) = for a; > iV it follows that 

Wgp.Al <-^^a% j^"' \x\-H^x < CN~HnN . 

To prove (c) we first show that for any n S N and any subset Xn C MP 
with \Xn\ ~ n which is such that the supports of the potentials Wjs-^^ (• — a;) 
are pairwise disjoint for any x € Xn the operator 

is nonnegative. 

This one can see in the following way: For any such X„ the zero energy 
scattering state of H"^" is given by 

'■= n fpiA--^k) ■ 

By construction the fp^^p are positive, so is F'p^p- Assume now that H-^^ 
is not nonnegative, i.e. that there exists a ground state ^ G of H-^^ 
of negative energy E. Since the phase of the ground state can be chosen 
such that the ground state is positive we get 

' H""- n - ((<:> , m) < . (67) 

On the other hand we have since i^^"^ is the zero energy scattering state 

This contradicts (|67p and the nonnegativity of H^"^ follows. 

Having shown that the H^^ are nonnegative we prove (c) by contradiction. 
Assume that there exists a ^E* e 'D{H) such that 

l|l|.|<fl^,ViVl/|| + ((*, {Vp,{x,) - WpA^^m) =E<0. 

Since Vp-^ and Wp-^^ are spherically symmetric we can assume that ^ is 
spherically symmetric and ^(a;) = 1 for |a;| > Rp^^- We shall construct now 
a set of points X„ and a x € such that ((x, H^"x} < Oi contradicting 
to nonnegativity of H^^ . 
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For any i? > let 



/x^, for X > R; 
1, else. 



Let now X„ be a subset X„ C K'^ with |X„| = n which is such that the 
supports of the potentials Wp-^ (• — Xk) lie within the Ball around zero with 
radius R and are pairwise disjoint for any Xk G Xn. Since we are in three 
dimensions we can choose a n which is of order R^ . 

Let now XR ■= ^rYIx^ex^ ~ ^k)- The energy inside the ball 5^(0) 
equals En, thus it is negative and of order R^. Outside the ball we have 
only kinetic energy 4 J^^j^R'^/x^d^x which is of order R. Choosing R 
large enough we can find a X„ such that 

is negative, contradicting nonnegativity of H^" . 

□ 



5.2 First adjustment of the functionals 

As mentioned in the introduction we shall use the control on the microscopic 
structure, i.e. the control of the zero energy scattering state of {Vp — W^^jl 
with some potential with softer scaling /3i < /3 to get a control of 4' when 
/3 increases. The first idea one might have is to divide 5* through a function 
which approximates the microscopic structure (e.g. the product Hj^^fc for 
some suitable < /3i < /?), but this is not what we shall do. One reason is that 

(n //9i g^ts very large when many particles get very close. 

Instead of dividing ^I' through its microscopic structure we equip the pro- 
jectors with the respective microscopic structure to get the desired estimates. 
Roughly speaking: The operator (— Ai — A2 + Vj){x\ — X2))piP2 is hard to 
control for large (3 since Vj3{xi — X2)) is peaked for small \xi — X2\- But since 
//3i,^ is the zero energy scattering state of — Ai + {Vp — Wp^)/2 it follows that 
(-Ai - A2 + Vi3{xi - X2))//3i,/3PiP2* is smoother. 

To get good estimates we shall incorporate this idea in a very sensible way. 
How this can be done is easiest explained for a different functional, namely 
5(\l/,(^) = ((^',^2*)) = (see formula ([10])). Taking the time derivative 

and using that qi = 1 — pi one gets among other terms 

^S{^u^t) ^tY^N-^i^, [Vpix, - Xk),Pim ■ 
j<k 

Most of the interaction terms commute with pi, only iJ2i<k ^^^i"^, i^fsi^i ~ 
a;fe),pi]^)) remains. Hence the microscopic structure only for the interaction 
Vi3{xi — Xk) matters. 
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This insight can also be used for our at ■ Here many of the interactions cancel 
out due to Lemma [3^ (d). Looking at Lemma l44l and considering 1/3 < P < 1 
for the moment, it is ipS]) which we do not have good control of. Consider the 
following functional 

(p) + N{N - 1)3? ((*, qiq2g(i,,p{xi - X2){n - n2)piP2^)) . (68) 

Taking the time derivative of this new functional one gets among other terms a 

7V(iV-l)3((*,gi<72hAi-A2,5/3i,/j(a^i-a;2)](?i-?^2W2*» • (69) 

The commutator equals (1 — gp^,i3){Vi3{xi — X2) — Wp^){xi — X2)) plus mixed 
derivatives and one sees, that the interactions in (pSt are "replaced" by Wp^ for 
the price of new terms that have to be estimated. 

Note that this adjustment is not sufficient to get good control of the adjusted 
functional: Taking the time derivative of this new functional one gets terms 
where the potential Vg does not cancel. As one shall see below one of these 
terms is not small for all /3 < 1, but still it is better than (|25p . Therefore we 
make a similar adjustment as before. We arrive at an iterative adjustment which 
leads to terms which we get better an better control of. With the iteration we 
will define below it turns out that five steps are enough to get sufficient control. 

Guided by these ideas this section is organized as follows: 

• We need different weights rw' for each step of the iterative adjustment. 
Note that there is some freedom in choosing the starting point of our 
iteration. It does not necessarily have to be a(^o,'/'o) but it should be 
close to a multiple of q;(^'o, f^so)- Hence there are many possible choices 
for . All important properties the weights have to satisfy in order to 
generalize the Theorem are stated in Lemma 15.31 We prove the Lemma 
(i.e. the existence of a weight which satisfies all the important conditions) 
by construction. 

Looking at ([55]) one can already guess that starting with some weight m°, 
m} has to satisfy m^(k, N) = 'mP{k^ N) — rrfi{k + 2, N). This explains (a) 
of Lemma l5.3l (b) ensures that the starting point of our iteration (which 
will be ((5', m°5'))) is in fact close to a multiple of a{'^Q, (po)- (b) and (c) 
of the Lemma are needed for the estimates. 

• Having defined the weights m-' we construct some operators Rj,kj Sj^k 
and Tj^k (Definition l5.4p . These operators shall then be used to define the 
functional jj,k and £,j^k (Definition 15. 6p as well as jj ). (Definition 15. 8p 
which are the basic elements of the iterative adjustment: 

- The 7^ ^. are defined such, that ^-jj^ki'^t, Pt) = 7j fc(*t,Vt) (see 
Lemma 15. 9p . 

— 70,0(^,9?) — is the starting point of the iteration. ^0,0 
plays the role of a[. Note that 7o ~ Co,o is small (Corollarv l5.10p . 



32 



— In the l^^ step of the adjustment we add J2j+k=i ^'^^ func- 

tional. The respective J2j+k=i ^'3,k cancels out the "old" term we 
have no sufficient control of (namely X]j+fe=i-i ^j,*:) but leads to a 
"new" term which — as long as j + fc < 5 — we have no sufficient 
control of (which is ^j^^^ i ^j,k)- All other terms of X)j+fe=; 7j- k 
controllable (Lemma [5TTT]) below. 

• Finally we construct functionals F and F' with ^F(^t,iy9t) — r'{'i't,(pt) 
such that r'{'i>,Lp) can be estimated in terms of a{^,(p) (Corollary 15.121 
(c)) and a(^, (p) can be estimated in terms of F(\E', (f) (Corollarv l5.12l (b')'). 
This allows to estimate F(4'f , ipt) via Gr0nwall. Since a{'i>, (p) is controlled 
by F(4', (f) (Corollarv l5.12l fb)) we have good control of a{'^, (p) for /3 < 1. 

Lemma 5.3 There exists a set of weights {m^, w? , . . . , m^; : — > R+} 

(a) ForO<j <5 

m'+^{k,N) ^m^{k,N)-m\k + 2,N) 

(h ) For any j > there exist constants Cj > such that for any k > 

CjN~^n^~^^{k + 2,N) < m^{k,N) <N''^n^-^^k + 2,N) . (70) 

(c) There exists a C < oo such that for k > 

\m^k,N) -m^{k + l,N)\ <CN-'-^n-^-^i (k + l,N) 
\m^{k,N) - 2m\k + l,iV) + m^ (fc + 2, A^)] <CN-^-^n-^-^\k + 1,N) . 

Proof: 

Let m^{k, N) :— iV~^/^(fc + We prove the Lemma by constructing 

for j £ {0, 1, . . . , 4}: We define the functions to-' for even N + k via 

m^{N,N) ={N + 2)-^ 
m^k.N) =m'+^{k,N)+m'{k + 2,N) . 

For odd N + k we set mHk) = (m^ (k - 1) + m^k + l))/2. 
(a) For even N + k (a) follows by construction. For odd N + k one has 

m^+\k,N) ={m^+^{k-l,N) + m^+\k + l,N))/2 
^{m^{k- l,N)-m^{k + l,N))/2 

+ {m\k + l,iV) - m^k + 3, N))/2 
=m^{k,N)-m^k + 2,N) . 
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(b) It suffices to prove (b) for even N + k. By construction it follows then also 
for odd k + N. We shall do so via induction over j. For j = 5 (|70p follows 
directly from the definition of . 

Assume that (170]) is satisfied for some < j < 5. By construction we have 
for even N + k that 

I even 



k<l<N 
I even 

=(iV + 2)-^ + m^l,N) (71) 

k<l<N 

By assumption there exist Cj > 0, for later use we assume that 

, (2j-l) 

such that 

/ oven I oven 

c, J2 a + 2)-^n(/ + 2,iV)< \m'{l,N)\ 

k<l<N k<l<N 

I even 



(72) 



k<l<N 

By monotonicity of the function (•)~-J+i/2 for j > it follows that 
iV-i/2 rN-2 



2 



^ k l.^ 1 ^ AT 



k<l<N 



2 Jk+2 



^^■^ ^((A; + 2)--' + V2_iV-^ + V2) 



; even 

< ^ |^.-(;,Ar)|<_^(A: + 2)-^+i/2 



2j 



With dZH) and ([711) we get for > 

2j-l 



^^^^(fc + 2)-^+i/2 



- 2j-l ^ ^ 2j-l ^ ^ 

<m?^^{k,N) < (fc + 2)--''+i/2 . 

2j - 1 
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Since (2j - < 1 it follows that dTO]) holds for j - 1. Now (b) follows 
for even N + k via induction. 

(c) Let us first prove (c) for even N + k. It follow that 

\m^k) - m^k + 1)1 =\m^{k) - im' {k) + (k + 2))/2| 

^m'(k) - m^{k + 2)1/2 = m^+\k)/2 . 

With (b) we get the first formula in (c) . For the second formula we have 

\m\k) - 2m^k + 1) + m^(fc + 2)| 

= |TO^'(fc) - (TO^'(fc) + rn^ik + 2)) + m^{k + 2)1 = . 

For odd N + k one has 

\m^k) - m^k + 1)1 =\{m^{k + 1) + {k - l))/2 - {k + 1)| 
= \m^k - 1) - m\k + 1)1/2 = m^+\k - 1) 



and 



\m^{k) - 2m^k + 1) + ni^{k + 2)\ 

= \{m^{k + 1) + m^ (fc - l))/2 - 2m^ (fc + 1) 
+ (m^'(fc + l) + m^(fc + 3))/2| 

= i|m^(fc - 1) - 2m\k + 1) + m^{k + 3)| 
= i|m^+HA: - 1) - m^+^{k + 1)| = \mi+^{k)\ 



With (b) we get (c). 



□ 



Having shown that there exist a weight satisfying the conditions of Lemma 
we use this weight to define some operators that shall be used in our iterative 
adjustment of a below. Due to symmetry we have some arbitrariness in defining 
these operators, in particular in choosing the coordinates on which they act. For 
easier reference below we keep the coordinates 1, . . . , 4 free, so the operators we 
shall define next act on the coordinates xs, xg, . . . only. 

Definition 5.4 For any j, fc G Nq we define the operators Qj via 

Q] ■= q2]+3q2j+4:gi/4:,l3{x2j+3 - X2]+i)P2j+3P2j+i 
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and the operators Rj^k, Rj,k o-nd Rj^k acting on L^(R'^''^,C) via 



(N - 2j - 2ky.kljl i\ 



1=1 



Nl ^ ^ 



{N -2j-2k-2)\j\k\lJ-^ 



1=1 



Nl 



T, k ■■=-, — rr^ TT Qi (™'+'' - ^1^'') TT Q 



(7V-2j-2fc-2)!jU!^^-L 
For later use it is convenient to define S^i^k 0. 



1=1 



Lemma 5.5 Let j, k e Nq, M <Z N with \Mn{5,6,..., 2j + 2k + 4}| = M. 
Then 

\\RjM\m <CiV-(^+'=)/«||^||i^'= z/X n {5,6, . . . ,2j + 2fc + 4} - , 

\\RjM\m <7V-i/2+Af/2-0+fe)/8||^||j+fc z/X n {5, 6, . . . , 2j + 2fc + 4} ^ . 

Let furthermore r : — > wit/i r < n, then 

\\rS,^k\\M<CN^+''/'-^'+''^/'M':^' 

Proof: First note that in view of Lemma 13.21 (e) and Lemma 15.21 (b) 

llffi/4,/3(a;i - X2)pi\\op < CN-^-^/^'Moo ■ 

Roughly estimating, ||i?j,fe||op has j+k such factors, giving a power Af~0+'=)(i+i/8). 
Furthermore we have 2j + 2k projectors q in the definition of Rj^k, while m^+'^ 
is of order n{k)k~^~^ . So the projectors q give in view of Lemma 13.41 together 
with m^+*'' a factor N~^~^ . Since (^iq_2j-2k)\ ^ iV^-'+^'^ one gets by this rough 
estimate the result above. 

In detail: Let 7W C N. Let *,x e "Rm; 11*11 = 11x11 1- Using Lemma 

(c) 

N\ 



j\k\{N -2j-2k)\ 



1=1 1=1 

With Lemma [Ol ih) we have that \\n\^j^\m^^^ri^j^^\\op < CN^^^^, thus we 
get with Lemma 



2j+i 2j+2fe+4 

m,R,,kX}\<CN^'+^^N-^-^\\n-^'+^\{qin\\nf'' W HxW 

1=5 l=b+2j 

hi/iA^i - ^2)pi\\ip'' 
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The estimate on ||n^^^'+^ JlEs* and \\n-'^''+'^ U^'^l'^'^'^ qaW now depends 
on the symmetry of 4" respectively x- If n {5, 6, . . . , 2j + 2fc + 4} = we 
can use Lemma [3.41 for all qj with j ~ 5, . . . ,2j + 2k + 4. Then it follows that 



UtV < C and 11^^+2^ < ^ ^^^^ 



l((^,i?,>x))|<C7v-(-''+'='/'||^IPo 



+k 



If C N with ITU n {5, 6, . . . , 2j + 2fc + 4}| = Af > we can define Ma 
7W n {5, 6, . . . , 2j + 4} and A^b 7W n {2j + 5, 2j + 6, . . . , 2j + 2fc + 4} 
and assume without loss of generality that \A4a\ > 0. Then it follows that 

Wnl^'^'nliVnn < CiV(l^"l-i)/2 and nEt+zf «xll < CiVl^'-l/^ 

and thus 



rSj^k can be estimated in a similar way by 
l((*,r%,x))l 

2j+4 2j+2fe+4 
<^^2,+2fe+2-,-fe-l||^j^-2,-l -Q ^^^11 -Q ^^^11 

/=5+2fe 

||5i/4,/3(xi -a;2)pi|Po+'^||n-2'= . 
Using Lemma [3T4l 



2j"+4 2j+2fe+4 

ll^^r'''' n ^'^ll < CiVl*^»l/2 and Yl qaW < C7Vl*^^l/2 , 

;=5 l=5+2j 

thus 

^CAri+AV2-0"+fe)/8||^||j+fe ^ 

For the last equation note that in view of Lemma l5.3] fc) fh^ —rh\ < fh^ ^mi^, 
hence we get the same estimate as for UnS'j^fell^i. 

□ 

Using the operators defined in Definition 15.41 we now adjust the functional 
a as explained at the beginning of this section using the functionals 7j.fc which 
we shall define next. 

Definition 5.6 For any j,k > with j + k < 5 we define 

ej,fc(*, if) :=((«', Zf^{xi,X2)piP2SjM'^)) for j,k>0 
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As explained above we have after the l*'^ step of our iteration a remainder 
J2j+k=i^J,k- We wish to show that this remainder is controhable after suffi- 
ciently many steps of iteration. It turns out that five steps are enough: 

Proposition 5.7 (Control of the remainder) There exists a IC ^ J- such that 

Proof: Let us first prove the following three formulas which shall also be of 
use below. 

\\^\Zf}{xi,X2)\pi\\op <CN-^/^Mo. (73) 
\\^\Z,3ix^,X2m <CN-'/' (l + v/^(^+ IIV^II + II^IU) (74) 
\\piZp{xuX2)^\\ <CA^-^||¥'l|oo (l + V"(*, ¥') + !! V(^|| + \Moo) (75) 
(|75|) follows from Lemma 14.41 (a) together with Lemma 13.21 (e) : 



\^\Z/:i{xi,X2)\pi\\lp ^\\piZi3{xi,X2)pii 



I op 

2a 

<CN-'Ml. 



< bl^^/3(a;i - X2)pi\\op + —J -\\pi{\(p{xi)\^ + \(p{x2)\^)pi\\op 



([71)1 follows from Lemma H75] together with Lemma ITU fa) 

\\,/\M!^^m' (Vpix^ - X2) + ^l^(^l)l' + ^1^(^2)1')^!')) 

<N-^a{^, ^) + CN-^ (1 + \\V^f + MD 



and ([75|) is a direct consequence of (|73l) and ([74 
It follows that 



\£.],k\ <||pi^/3(a;i,a;2)*|| \\n^^\\op\\niSj^k\\{i,2} 

<c7vi/2-o"+'=)/8 11(^11 (^i + iiv^ii + ii^ii 



□ 



Definition 5.8 Foranyj,k > let the functional j'j ,. : L'^{R^'^ ,C)(E)L'^{M.^ ,C) 
be given by 



\j+k=i 



where the different summands are 
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(a) The mixed derivative term 

^lk{^,<p) :=ji^,qiq2[H,g{xi - X2)]piP2Sj-i,k^)) 

+ i((*,5l92((W^l/4 - V^)h/i^p{xi - X2)piP2Sj-l,k^)) . 

(h) The smoothed out interaction term 

7}_fc(*,(^) := - j((*,9i92((W^i/4 - Va)/i/4,/3(a;i - X2)piP2-S'j_i,fc*)) 

(c) Three particle interactions 

7,^,fe(*, ^) := {N - 2j - 2k)ji^, [Z0{x,,X5), Rj,k] *)) 

(d) Interaction terms of the correction first type 

7^,fc(*, :=(iV - 2j - 2k){N - 2j -2k- !)((*, [Zf>{xr, X2), Rj,km 

(e) Interaction terms of the correction second type 

Tl.feC*,^') =J-(J- l)((*.[^M^5,xr),i?,,fe] *)) 

(f) Interaction terms of the correction third type 

iik{'^,<fi)=jk^m, [zp{xr„x2i+^),Ri,km)) 

Lemma 5.9 For allO < I < 5 

j+k=l j+k=l 

Proof: First note, that the Rj k are time dependent, since the operators fh^ 
depend on (ft- The time derivative of Qj is 

Qj = - ^W^^ ,Qj] + iq2j+3q2j+4[H^^ , gi/4,i3iX2j+3 - X2j+4)]p2j+3P2j+4 

thus by symmetry 



+ , qm [-ff , 51/4,^(2:1 - x2)]piP2Sj-i,k'^ 



+ iki^t,Sj,k-mP2[H^^,gi/i^p{xi-X2)]qiq2^t} ■ 
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Note that after exchanging some variables the adjoint of Sj^k equals Sk,j- Using 
symmetry and changing the label — >■ j in the last line 

+ ij((*t:'7l92[i?'^^,ffl/4,/3(a;i - X2)]Pl?32S'j-l,/c*t)) 

So the Lemma follows once we have shown that 

j+k=l j+k=l l<l<m<N 

- 2j3 (((*, 92 [i?^^, 31/4,^2^1 -a^2)]piP25,-i^fcVl/))) . (76) 

As above we want to get rid of the sum 1 < I < m < N using that many sum- 
mands are equal because of symmetry. Rj^k = (N-2j-2k)\ ^3''^''^^ ■^i,'^ breaks 
some of the symmetry but it is still symmetric in exchanging any two variables 
with indices in — {5, 6, . . . , 2j + 4} as well as in exchanging any two vari- 
ables with indices in M.i, = {2j + 5,2j + 6, . . . , 2j + 2k + 4} and in exchanging 
any two variables with indices in A^c = {1, 2, 3, 4, 2j + 2fc + 5.2j + 2fc + 6, . . .,A''}. 

We arrive at three different cases for the variable a;;: xi & Ma, xi £ Mb 
and xi S Mc- For the case xi € A^c we arrive at three different cases for the 
variable Xm- For the case xi (Iz Ma more symmetry is broken via the factor 
qm±igi/4,l3{xi - xi±i)pipi±i (+ if I is odd, - if 1 is even) appearing in Rj^k (see 
definition 15. 4p . Similar for the case the case xi G Mb- Hence we arrive at the 
following eight different summands: 



E z0{xi,x^),Rj,km 

l<l<7n<N 

= ^{N-2j- 2k){N - 2j - 2fc - !)((*, 3:2), 

+ i(7V- 2j - 2fc)j((*, [Zp{xi,x5),RjMm 

+ iji^,[Z0{x5,xe),Rj,k]'i} 

+ i{N - 2j - 2/c)fc((*, [Zii{xi,X2j+5),Rj,km 

+ ifc((*, [Zf,{x2j+5,X2j+6), Rj.kM 

+ ij{2j-l)i^,[Z0{x5,X7),R,^k]n 
+ ij2fc((*, [Z0{x5,X2j+5), Rj,kM 

+ ifc(2fc- 1)((^', [Zp{x2j+5,X2j + 7),RjMm . 
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Using that after exchanging some variables the adjoint of Rj,k equals Rk.j 

l<l<m<N 

=^{N - 2j - 2k){N - 2j -2k- !)((*, 2:2), i?,,^]*)) 

-L(N-2j- 2k){N - 2j - 2fc - !)((*, X2), i^fc.,]*))* 

+ i(iV- 2j - 2fc)j((*, [Z0ixi,X5),Rj,km 
+ iji'f,[Zfi{x5,xe),Rj,kW) 

- i{N - 2j - 2k)ki^!, [Zp{xi,x^),Rk^,]W 
-iki^,[Zp{x5,x^),Rk.j]W 

+ ij{2j-l){^,[Zp{x,,xr),R,.km 

+ ijki^, [Zfs{x^,X2j + ro), RjA"^)) 
-ljki^>,[Zp{x2,+^.X5).RkAW 

- ifc(2fc -!)((*, [Zp{x^,X7),Rk^,]W 
It follows that X]j+fc=/ 7j ki^^ equals 

= E {N-2j-2k){N-2j-2k-iy^{{^,[Zp{xuX2),Rj,km) 
j+k=i 

-2 J2 {N - 2j - 2k)j^ {{{^,[Z0{xi,X5),Rj,km) 
j+k=i 

-2 j^m,[Zpix5,xe),Rj,km) 
j+k=l 

-2 j{2j-l)^m,[Zp{x5,xr),R,,km) 
j+k=i 

-2 Y jk^m,[Z0{x5,x2j+5),Rj,km) 
j+k=i 

-2 E {{{■^,qiq2[H,g^/^^li{xi - X2)]piP2Sj-i,k'^))) . 
j+k=i 

Adding 

-2 J2 (((*' 9l'?2((VFl/4 - V0)h^,^p{x, - X2)piP25,-l,fc*))) 

j+k=l 

to the last line and subtracting it form the third line, as well as subtracting 
— 2 ^^^j,^; ^(^j-i.fc) from the third line and adding it to the total and sub- 
tracting -2 Y.j+k=i ^Jfe,fc)/2 = "2 Tj+k^i " ^l,)/^) ^om the first line 

and adding it to the total gives that the right hand side of ([76)) equals 

x^t.k + ilk + ilk + ilk + lik + ilk + ij-i,k + \i,..k 

\j+k=i 
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which proves the Lemma. 

□ 

Having proven that the functionals 7' can be understood as the time derivative 
of the functionals 7 our next step is to control the functionals 7. To start with 
7o,o- 

Corollary 5.10 Let /? < 1. Then there exists a K, ^ J- and a rj > such that 
for ^ := 7^ - 3 (^0,0) 

ei*,^) < /C(^)(||^||oo + (ln7V)i/3||V^||6joc)(((*,nvI/)> + + TV-") . 

Proof: By Definition 15.81 one sees, that for 7o ~ ^ (■^o.o) only (d) remains. And 
here the problematic term in fact cancels out In view of Lemma 13.21 (d) and 
Lemma 15.31 (a) 

a^,ip) =iV(iV- 1) (((*, [Zp{xi,X2),m"]^)) - ((*, [Zf,ixi,X2),PiP2m'm) 

=2N{N - [Zf,{xuX2),Piq2im" ~ m?)]*)) (77) 

=2iV(iV - 1)3 {{{^,PiP2Zpixi,X2)piq2{m° - m°m) 
+ 2N{N - 1)3 (((*, qiq2Zi3{xi,X2)piq2{m'' - rn?)*))) . 

Since /? < 1 this is controlled by Lemma fb) and (d) using the bounds from 
Lemma 15.31 (c). 

□ 

Lemma 5.11 For any 1/3 < /3 < 1, / > there exists a IC £ J-, rj > such 
that 

7i,fc(*, ^) + 25 ^)) + 5 f)) 

j+k=i 

< (ll^lloo + (lniV)i/3|| V(^||6,ioc)/C((^)(a(*, cp) + N-^) . 

Proof: 

To prove the Lemma we shall estimate the imaginary parts of 7^^/^. , 7^ fc' ■ ■ • ' 7/, 
separately. 

(a) The commutator in f. equals 

[H, gi/4,p{xi - X2)] = - [H, fi/4,p{xi - X2)] (78) 

= [Ai + A2,fi/4^p{xi - X2)] 

= (Ai + A2)/i/4,^j(a;i - X2) 

+ (Vl/l/4,/3(a;i - X2))Wi - {^2fl/4,p{xi - X2))V2 
= - - Vp)fi/4^^p{xi - X2) 

+ (Vi5i/4,/3(a;i - x2))Wi - {^2gi/4,p{xi - a;2))V2 • 
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This and integration by parts gives 

hlki'^,v)\ <2j|((*,gig2(Vigi/4,^(xi -a;2))VipiP25'j-i,fc^'))| 

<2j|((Vigig2?^r^*> (5i/4,/3(2^i - a;2))VipiP2n3<S'i-i,fe^')) 
+ 2j|((1',nj;^9ig2(ffi/4,/3(a;i - a;2))Aipip2":3S'j-i^fc1'))| 

< 2j||Vi9igr2nr^*ll ll^"^!! ll5l/4,/3(2:i - a:^2))P2||op||n3<S'j-l,fc||{l,2} 

+ 2j||nr^9i*ll ll^'^ll ll5i/4,/3(a;i - a;2))P2||op||92S'j-i,fc||{i,2} • 
Using (HH), Lemma [XH (e) and Lemma [211] the latter is bounded by 

C7v-a+fe)/8||^IP>'=(l|V(^ll + l|A^||). 

(b) Using symmetry it follows that 
It follows that 

7j-fe(^,¥') =- j((^7 9i92((M^i/4- V3)/i/4,/3(a:i - a;2)piP2S'j-i^fc*)) 

- ,Zi3{xi,X2)piP2Sj-l,k^} 

+ j{{^,Zi3{xi,X2)qiq2gi/4.,l3ixi - X2)piP2Sj-l,k^)) 
= - 91 92 ((W^l/4 - ys)/i/4,/3) (2^1 - a;2)piP25'j_l,fc^')) 

- ^/3(a;i, a;2)/i/4,/3(a:^i - a;2)piP25'j-i,fc*)) 

- ji'^,Zi3{xi,X2){l - qiq2)9i/4,i3(xi - a;2)piP2S'j-i,fc*)) 

and thus 

I 5] 3(7ife(*,V'))l 

< 5] 52(14-1/4(0:1 ~x2)-^^|(/.(xi)2|) (79) 

j+k=l 

fl/4,l3{xi - X2)piP2Sj-l,k'^}\ 

+ 1 51 i 3^((*,PiP2^/3(a;i,a;2)/i/4,0(a;i - X2)piP25'j_i,fe5'))| (80) 
+ 2j|((*,pig2^/3(a;i,a;2)/i/4,/3(2:i -X2)piP25'j_i,fe*))| (81) 

+ 3\i'^,Z0(xi,X2){l-qiq2)9i/4A^i-X2)piP2Sj-i,k-^))\ (82) 

+ Y Jm,Rj,kZ(i{x5,X6m\ ■ (83) 
j+k=i 
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If {j,k) = (1,0) we get in view of Lemma [4.41 (c) (recall than Nm'^ < 
Cn~^) that there exists a. K, E T 

\m\< jN^\i'^^1iq2Wi/4fl/4A^l-X2)piP2m°m 

+ Y. 3N^\i'i',qiq2j;^^\<f{xif\gi/iA^i - X2)piP2m°^)}\ 

3+k=l 

</C(^)||^||oo(((*,nvI.))+C7V-")||¥.||L • 

For (j + fc) > 1 we shall use Lemma HH] (c) to control (17^ . Note, that 
although for x '■— Sj-i,k'^ some symmetry is broken, still x € T~l-M for 
7W = {5, 6, . . . , 2j + 2fc + 4}. We write 

\m\^ E M^,n-\,q2{W,f,{x^ - X2) - j^\^{x,f\) 

j+k=l 

/i/4,/3(a;i - X2)nspip2Sj-i^k'^))\ 

< Yj •?'ll^r^'7i92M^i/4/i/4./3(a;i - a;2)piP2|lA^|ln:3S'j-i,fc|l{i,2} 
j+k=i 

l,fc||{l,2} • 

j+k=l 

Due to Lemma Lemma [^2] G V1/4. Thus Lemma Hill (c) and 

Lemma [5.51 imply that | ([75|) | has the right bound. 

Note that Sj,k becomes after exchanging some of the variables the adjoint 
of Sk.j selfadjoint, thus ([M)) = for all I. 

For (|8ip we use Lemma 14.41 (b) and Lemma 15.51 

\m\< E m^,n^'piq2{v^fi/iA^i-x2)-^^\Axi)\' 
j+k=i 



2a 



TV- 1 



I <yf (2^2 ) nPlP2n3 5'j - 1 ,fc ^')) I 



2|((*,Hi V925i/4,/3(a:^i - X2){ ^ \f{xi)\' 



■j^\v{x2)f)piP2n3Sj-i.k^)}\ 



<C\\n^ Vl92(V3/i/4,^(xi - X2) - ■^;^^\(p{x2)\'^)piP2\\M\\n3Sj-i,k\\{i,2} 
+ C||n;"^92*|| ||pi5i/4,/3(a;i - a;2)||opA^"^||¥'||Lp3<5'j-i,fc||{i,2} 

<civ-(^-+'=)/«||^||L+^-+'^(||^IU + i). 

For (|82p note, that (1 — 91(72) = + P1Q2 + 9iP2- Since all factors in 
are symmetric in exchanging xi with X2 it is sufficient to control 

{{'^,Zp{xi,X2)pir2gi/4,l3{xi - X2)piP2Sj-l.k'^} (84) 



44 



for r2 G {P2,q2} to get good control of \^^\. Using ([73]) line is 
bounded by 

||piZ^(a;i,a;2)^'|| \\pigi/4,i3{xi - a;2)pi||opPr^llopll"i'5'j-i,fe||{i,2} 

<CiV-2"l/2+l/2^1-a+fe)/8||^||2+j + fe < CiV-l||(^||^^'+'= . 

For we use that = p^, thus 

j+k=i 

With Lemma it follows that 

\m\< \\Rj,k\\{5M\\piZpi^^^^2)'f\\ 
j+k=i 

<^^-l/2+l-0-+.)/8||^|J.>fe^-l|J^|J^ 

<C||^||L+'^+iiV-i/2 . 
(c) Using = p5 we have Rj^k = Rj.kPz, thus 



|7|,fc(«',^)| <NM^,R,,kP5Zpixi,x,m\ (85) 
+ 7Vj|((«',Z^j(a;i,a;5)i?j,fc*))| . (86) 



For ([55]) we use Lemma [?31 and ([75)1 



<C||(^|P^'=+i7V-(^"+'=)/8 . 
For ([86]) we write using ^3 =^1^3 + qiq^ = Piqa + qi - qiPa 

& ^N\{{'i/,Zf!{xi,X3)q3q4gi/4,l3{x3 - X4)p3P4Sj^i^k'if))\ 

<N\i'i>,Zi3{xi,X3)pin^^q3q4gi/4,0{x3 - a:4)p3P4"3<S'j-i,fe^')) | (87) 
+ N\(-^,Zp{xi,X3)qiq4gi/4,i3{x3 - 2:4)^3^4 5'j_i,fe 5')) | (88) 
+ N\{{^, Zp{xi,X3)qip3q4gi/i^l^{x3 - X4)p3P4Sj-i^k'i'))\ ■ (89) 

For (|87p note that piZ^(a;i, a;3)^' € 7i^i 3j, so with Lemma [3.21 (b) 

\\n^^q4PiZf,{xi - X3M < C\\piZp{xi - X3m\ < CN-^M^ . 
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Using also Lemma [5. 5 1 we get 



(EZl) <C||<^||oo ll.9l/4,/3(a;3 - a:^4)P3l|opp3'5'j-l,fe||{l,3,4} 



For (1881) we use Lemma [575 



<7V|((^|Z^(xi,X3)|vI/, 

945i/4,/3(a;3 - 2;4)P4y^|^/3(a;i,a;3)b3'S'j-i,feninr^9i*))l 
<CiV||^|Z;3(xi,a;3)|^'|l \\gi/i,f3{xz-xM\op 

\\^\Zi3{xi,xz)\p:i\\op\\niSj-i.k\\{i,zA}\\ni^qi'^\\ 
=CiV-0-+fc)/8||<^||Wi . 

Again using Lemma [5751 we get for the last term in (c) 



<^l|P3^,3(2;i,a;3)*||||gi/4,^(a;3 - x^jp^Wop 
||ni5'j-i,fe||{i,3,4} 

(d) Using Lemma 13.21 (d) we get that 

{N - 2j - 2k){N-2j -2k- l)[Zf,{xi,X2),Rj.k] 

= [Zfj{xi,X2),PlP2Sj.k] + [Zpixi,X2),Piq2T.j^k] 

+ [Zp{xi,X2),qiP2T-j^k] ■ 

Hence 

7j',fc(*,¥') = - m, [Z0{x,,X2),Piq2T,.k] , 

thus 



|7/,fc(*, ip)\ <2((*, Zp{xi,X2)piT,,kmn^\2n 

+ 2i^,q2n-^niTj^kPiZp{xuX2)-^} 

Lemma 15.51 gives 

hf,ki'^,ip)\ <C\\n,T,^k\\{u2}\\PiZp{xi,X2)^\\ \\n^\2^\ 
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(e) Again using Rj^k — Rj.kPs as well as gi = 1 — pi 

\llk{^,v)\ <J{J - l)m,RiMP5Z0{x5,xrm\ (90) 
+ (.7 - ^)\i'^,Zi3{xi,X5)piq2gi/i^i3{xi ~ X2)piP2Sj-i^k'^))\ (91) 

+ (j - l){{'^,Zp{xi,X5)q2gi/4,pixi - X2)piP2Sj-l,k'^))\ . (92) 

Lemma 15.51 gives 

IdSDI <q|i?,,fc|l{5.7}lb5^/5(^5,X7)*|l 
<C||(^||J+fc+l7Yl/2-(i+fc)/8-l 

as well as 



and 



nil <C||piZ/3(a;i, a;5)*|| Wpigi/i^pixi ~ X2)pi\\op 

||ni<S'j_l,fe||{;i,2,5}ll"r^l|op 
<(^||^||i+fc+2^-l-l-l/2+3/2-0-l+fc)/8+l/2 

--'ij-l)i^JZpixi,X5)^, 
9231/4, /3(a;i - X2)P2\J Zp{xi,X5)piSj^l^k'^)) 

op 



m\ <c\\ jZfs{xi,x5m wgi/iA^i - X2)P2\ 



Zi3{xi, X5)pi\\op\\niSj-i^k\\{l,2.5}\\ni ^\\op 
<(7||^||i+fc+l7V-l/2-l-l/8-l/2+3/2-(j-l+fc)/8+l/2 ^ 



(f) Using as above Rj^k = Rj,kP5 = P2j+5Rj,k 



|7ifc(^, ^)\ <jkm, R,^kP5Zp{x5,X2,+5m\ 

+ Jfc Zp{x5,X2j+5)p2j+5Rj,k'i'))\ 
<C\\RjM\\{5,2j+5}\\P5Zp{x5,X2j+5)'^\\ 

□ 



5.3 Proof of the Theorem for 1/3 < /3 < 1 

Summarizing the last section we get the following Corollary, which directly gives 
the Theorem. 

Corollary 5.12 Let < l3 < 1. There exists a functional T : L'^{R^'^,C) «) 
L^{M.^,C) a functional T' : L^iM.^'^^C) (g> L^(M.^ ,C) ^ R and a c> 

such that 
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(a) 

||r(vi/„(p,)l<r(*t, 

ca{^, if) - CA^-" < r(*, Lp) < ip) + CN-" 
uniform in ,Lp 
(c) There exists a functional K, ^ T such that 

|r'(vl/,^)| < (II^IU + (ln7V)i/='||V^||6,/oc+ ||i|U)/CM(a(vI/,^) +7V-") 
uniform in ,ip. 
Proof: Set 

r(*,^):= ^ 2--'-S-,fe(*,¥') + |fW-f''''MI and 

i+fc<5 

m^):= ^ 2--'--S;^,(vI/,^) + A|£(vl,)_£GP(^)| ^ 

j+fc<5 

(a) follows from Lemma [211] with 
(b) 

r(vI/,^)=((vl/,mOvI/)) + |£(vI/)-£GP(^)|^ ^ ((vl/,i?,-fevl.))+r(*,^) 

l<j+fc<5 

In view of Lemma 15.31 we have that 

c^a{^,ip) < ((«',7n"«')) + |£W-f«^((^)| <a(*,^) . 

The other summands are in view of Lemma 15.51 bounded by CN~^ and 
(b) follows. 

(c) Recall that ^-i,fe = 0, thus 

j+fc<5 
3+k=5 

The first line is controlled by Lemma l5.11l The second line is bounded by 
Proposition 15 . 71 and 

□ 
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From (b) and (c) it follows that 

r'(*,^) < (ll^lloc + {\nNf/^W^\\e,ioc + \\A\\oo)IC{v){r{'f,^)+N-'^) 
and we get via Gr0nwall 

For (f € G we have that sup5gR{/C(iy9s)} < oo. Again using (b) we get the bound 
on a{'^t, 'fit) as stated in Theorem 12.51 

6 Generalizing to /3 = 1 

Lemma 15.111 holds ioT (3 — 1. When generalizing the Theorem to /3 = 1 below 
one "only" has to adjust F in Corollary 15.121 such that the ^ in Corollarv l5.10l 
becomes controllable. 

RecaUthat (c.f. Corollary OO]) 

e - -~2N{N - 1)3 {i^, Z^(xi,X2)pi<Z2(™" - ™!)*))) . 

The method we use is similar as above: We add a functional 7 to F such that 
the interaction term in ^ is smoothed out by the cost of additional terms. It 
turns out that all the additional terms are controllable so in contrast to section 
I5.2l this first adjustment will be sufficient. 

The "new" interaction term will scale moderately and can — using Lemma 
14.41 (d) — be controlled in terms of ||(7iVi^||. But we only got good control of 
llVigi^'ll for (3 < 1. Hence we have to generalize our estimates on ||Vi(7i5'|| to 
13 = 1 first. 

6.1 Controlling ||Vigi^'|| for /3 = 1 

For j3 ~ 1 a relevant part of the kinetic energy is used to form the microscopic 
structure. That part of the kinetic energy is concentrated around the scattering 
centers. Hence |jVigi^'|| will in fact nothe small. 

The microscopic structure is — neglecting three particle interactions — given 
by Lemma [5^ So we shall first cutoff three particle interactions, i.e. we define 
a cutoff function which does not depend on xi and cuts off all parts of the wave 
function where two particles Xj,Xk with j ^ k, j,k ^ 1 come to close (see Bi in 
Definition [O]). 

After that we shall cutoff that part of the kinetic energy which is used to 
form the microscopic structure. The latter is concentrated around the scattering 
centers (i.e. on the sets Aj given by Definition 16. ip . 

Then we show that ||l^i VigiVPH is small (see Lemma lOl below) . 

Having good control on ||1.Ai VigiVPH instead of ||Vigi5'|| Lemma liTil (d) 
has of course to be changed appropriately. This will be done in Lemma 16.51 
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Definition 6.1 For any j,k = 'N let 

aj,k ■.= {{xi,X2,...,xn)€ M.^^ : \xj - Xk\ < N'^^l^'^] (93) 

— U "J'.'^ A- ■= — U Bj := R'^'^\Ej . 

Proposition 6.2 (a) 

\\t^^Pi\\o,<C\WUN-^"'\ 



\\t^m<cN-y'^\\v,n- 



(b) 

(c) 

Proof: 
(a) 

||i:4,f'illop<II^IUI|i:4,ll 

(b) Using Holder and Sobolev under the a:fc-intcgration wc get 

l|i:4,*f =111:4, < Ili:4jl3/2ll*'ll3 < IAf /^||v,vi/f 

<||Vi*f (iViV-26/9)2/3 < iV-34/27||v,*f . 

Since ||Vi*|| < C (b) follows. 

(c) Wc use that Bj C U/c=i-^fe- Hence one can find pairwise disjoint sets 
Cfe C Ak, k = 1, . . . ,N such that Bj C U/c=i^fe- Since the sets are 
pairwise disjoint, the Ic^^ are pairwise orthogonal and we get 

□ 

Next we prepare estimates of some energy terms wc shall need below. 

Corollary 6.3 Let Vi G Vi, < < 1. Then there exist a K. £ T and ar] > 

such that for all 4' G "H© and all if € ^^(M^, C) 

((*, (2a|¥'(xi)|2 - (iV - l)lB,Wfi,{xi - X2)) *» < /CH(a(*, ^) + iV"") 
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Proof: 

((*, (2a|(^(xi)|2 -{N- l)lts,W^,{xi - X2)) *)) 

= {{^B^'f,PiP2 (2a|^(xi)P - (iV - l)W0Axi - x^)) 1b,PiP2*)) (94) 

+ 2a((*, - l6iPiP2|^(xi)| W2lBi«')) (95) 

+ 2(iV- l)((^',lB,PiP2VK/5,(xi -a:2)(l-piP2)lei«')) (96) 

- (iV - !)((*, 1b, (1 - PiP2)W^ft {xi - X2){1 - PiP2)tB,n ■ (97) 

Using (US]) and ([32]) we get that ([94]) is bounded by 

|([M])| </C((^)(a(*,¥') +A^"'') . 

Due to Lemma [3^ 

\^{x^)M) - {v. < CMla{^, ^) ■ 

On the other hand we have 

((^',lf5iPlP2|¥'(a;i)lVp2lBi*)) = |<p)|blP2lBi*||' 

and with Proposition 16.21 that 

\\\piP2tBM? - 1| < |l|PlP2l8i*f - |blP2*in + ||blP2*|l' - 1| 
<CiV-^/5'* + a(*,(p) . 

Thus 

\^\ </C((^)(a(*,^) +A^-'') . 
For (jUS)) we use that the support of Wp,{xi — X2) and Ai are disjoint, thus 

([Ml = -2(iV -!)((*, lB,pip2W^ft(a;i -a;2)piP2lBil:4i*» (98) 

+ 2(iV - !)((*, tB,^^,PiP2Wp,{xi ~ X2){\ - PiP2)^bJ^A,^)) (99) 

+ 2(iV -!)((*, lei WiP2l^/3i(a;i-x2)(l-piP2)lsil^i«')) ■ (100) 
Using Proposition 16.21 and Lemma [3.21 fe) we have 

\m\<m\pi'^^Axi-x2)pi\\oM^,n<cmi.^-^'^''' ■ 

For ([M]) we have using Proposition 16.21 and Lemma 13.21 (e) 

|M] <2iV|l%^*|| |ll^^pi||op|biM^^,(a;i -a;2)||op 
<CiViV""/^4||^||ooiV-"/i«||^|loo||W^/3jl 

<^^-ll/72+3/2(^i-l)||^||2^_ 

Note that Uj-^fe Oj.fc, thus \bJ^A,^ e ^0- Therefore dTTOI is con- 

trolled by Lemma fa) and also bounded by the right hand side of the Corol- 
lary. 

Having good control of ([94| . ([95]) and ([96]) and using that ([97]) is negative 
the Lemma follows. 
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□ 

Lemma 6.4 Let Vi G Vi. Then there exists a rj > and a K, ^ T such that for 
any eH^ and any G L2(R^,C) 

(a) 

||l^iVigi*||2 </C(^)(a(^',(^)+7V-") 

(h) 

{N - l)||l^^y^(:z:i - X2)n^ < /C(^)(a(vl/, ^) + N'^) 

(c) 

11%, Vi(?ivl/||2 </C(^)(a(*, ^) + iV-") 

Proof: 

(a) + (b) For any < /3i < 1 we have 

llVigi^lP + i^, {{N - l)Viixi - X2) - 2a|(^(a;i)n*)) 
= ||l^,Vigi'J'||2 + Illg^l-^^Vigi-J-ll^ + ||lBil:4,Vigi*f 
+ (Ar-l)||%^\/7i(xi-a;2)*||' 

+ ((*, (j2lBM^^-x,)-2aMxi)f^ *)) . 
Using that gi = 1 — pi and symmetry gives (after reordering) 

={N - - X2)'^f + WiA.ymn^ (101) 

+ 11%^!:^^ Vigi*||2 + Ille.l^^VipiVff (102) 
-23fi(((Vigi*,le,l:4^Vipi«'))) (103) 
+ |11b,%^Vi*||2 + ((*,^ lei (1^1 - W^a) (-T^i - 2;^)*)) (104) 

+ ^5]l6,W'/3,(a;i - x,) - 2a|^(xi)pj VI/)) (105) 

Proposition [nH] (b) and yields that for some IC £ T 

\^\ <2\^{iViqi-^,l^VipilB,n)\ 
<||Vi<ZiVl^|l |1V^|||118,*|| 
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Choosing fSi < I large enough the support of the potentials Vi{xi — xj) 
and Wj3^{xi — xj) are subsets of Ai := K^^\yli (c.f. Definition 16. ip . 
Furthermore we have that the support of the potentials 

1bi {Vi{xi - Xj) - Wp^{xi - Xj)) 

are pairwise disjoint for different j. It follows with Lemma 15.21 (c) that 
(|I04p is positive. 

Corollarv l6.3l gives a abound on (|105p it follows that 

(fTOB + (Unil) <IC{(p){a{-f, <f ) + N-'1) . 

Since all the summands in (|10ip and (|102l) are positive, it follows that 
each of them is bounded by /C((p)(a(5', (p) + N^"^) and we get (a), (b) as 
well as 

||%,lxVi'?i*||'</CM(a(vI/,^)+7V-") . (106) 
(c) (fT06ll and (a) give 

<ll%,l:4,Vigi*|P + ||l^,VigiVl/f 

□ 

6.2 Generalizing Lemma [331 (d) 

For /3 = 1 our plan is again to smoothen out the interaction using the microscopic 
structure and use Lemma 14.41 for the smoothed interaction terms. To be able 
to do so we first have to estimate Lemma 14.41 (d) in terms of Vigi^'H 
(Remember that for f3 = 1 ||Vi(?i^|| is not small). 

Lemma 6.5 Let for < (3 < 1 Vp e Vp, g e and to : ^ IR+ with 
m < n^^ . Then there exists a K E J- and a rj > such that for any ^E* G 
with {1,2} C M 

N{{^qiP2Vfi{xi - X2)mgiq2^')) (107) 
< JC{v){\Moo + (\nN)^/^W^\\e.ioc) + Ijl^, Vigi^f + TV"'?) 

Proof: 

We first prove the Lemma for some small < f3 and generalize to all < 
/3 < 1 thereafter. 
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In view of Definition 

N\{{'^,qiP2V^{xi-X2)mqiq2'^))\ = N\{{^ , qiP2Uo,(s{xi - X2)fhqiq2'^}\ 
+ Ar|((*, miqip2iAho,p){xi - X2)qiq2'^))\ 
<N\{{^i/,qiP2UQ,pixi - X2)mqiq2^))\ (108) 
+ N\{{^,qiP2mi{Vihoj3{xi - X2))q2t^yiqi'^))\ (109) 
+ N\{{l^Wiqi^,p2{^ihQ,j!{xi - X2))qiq2m^))\ (HO) 
+ 7V|((*,giP2mi(ViV/3(2^i -a;2))g2lxiVigi4'))| (111) 
+ iV|((l^,Vigi^',p2(Vi/io,/3(a;i - X2))qiq2fh'^}\ ■ (112) 

For pug)) we have 

(UnSD < N\\q,-^\\ ||C/o,/5||oo||mgi92*|| < CNa{^,ip)\\V0h ■ 
For (HnH) and pTO]) . 

(UMl) + (inni) <A^||1x'?2(Vi VM^^i ~ a;2))migiP2*|| |lVi(7i*|| 
+ iYllVigifll ||l^^p2(Vi/io,^(xi - X2))gig2TO*|| 

Using Proposition 16.21 and Lemma 

(HMD + (inni) <cN^°^^'\\viq2iViho^pixi - x2))miqiP2n w^mn 

+ C7Vl"/27||v^^^^|| |jViP2(Vi V^a^l - X2))qiq2mn 
<CN^°^^'\\q2{AihoAxi - X2))miqiP2n 

+ CN^"^^'^\\q2{VihoAxi - X2))VimiqiP2'i'\\ 
+ CN^''^^'\\p2{Aiho,p{xi - X2))qiq2mn 
+ CN^''^^'\\p2iVihoAxi - x2))Viqiq2mn 

Note that for any m < Cn^^ and any 4* e "^{1} 

||Vi(?i(j2TO*|| <||piVigig2TO*|| + ||giVigig2?n*|| 
= ||mig2PiVigi'I'|| + \\rhq2qi\' iqi^ \\ 
^CllVigi^-ll (113) 

and similarly 

||VigiP2m^'|| <C||m||op||Vi(7i*|| . 
Since |lVigi*|l is bounded (see (gH)) 

(iioi + (inni) <civi"/2^ii^iiooii(iiAiV;3ii 

+ \\Viho,p\\N-^^^ + ||AiV/^ll + llViV/sll) 
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Using the bounds on HAi/iq.^II and ||Vi/io,^|| from Lemma lOl it follows that 
for P small enough we can find a 77 > and a IC G T such that 

(Unii) + (inni) < /c(^)ii^iiooAf"" . 

N ^ 

(EID <j;^-—j\i'f,2_^qiPkmi{'^iho,0{xi - Xk))qktA^'^iqi'^))\ 

k=2 

N ^ 

< ^ __^ \\ y , gfe(Vift.o,/3(a;i - Xk))miqipk^\\ \\tAi^iqi'^\\ 

k=2 

Due to P5|) Ijl^i Vigi^*!! is bounded. For the other factor we write 

AT 

II ^ qk{^ iho,i3{xi - Xk))fhiqipk^\\'^ 

k=2 

= ^ i^,miqiPj{Viho,i3{xi-Xj))qjqk[Viho,i3{xi-Xk))miqipk^} 

2<j<k<N 

(114) 

w 

+ ^i'^,miqiPk{'^iho,i3{xi - Xk))qk{'^iho,l3{xi - Xk))miqipk'i')) ■ (115) 

For (|114p we use that for any 2 < k < N Vi/io,/3(2;i — Xfe) — ^kho^pixi — Xk)- 
Partial integrations yield 

dni 

- XI \i^k^]Pj^^'^lqk^:qlhQ.A^l-^])KA^l-Xk)mlqlPkqJ^}\ 

2<j<k<N 

+ X |((VjPjTOigfc*,gi/io,/3(a;i - x-,)/io,/j(a:^i - a;fe)V/cmi9ipfc(7j*))| 

2<j<*;<Ar 

+ X |((Vfemi9fe*,giPj/io,/j(xi - Xj)/io,/3(a;i - Xfe)Vjmi9ipfcgj^'))| 

2<j</c<Ar 

+ X! |((™i9fc*,giPi/io,/3(a;i - a^i)^o,/j(a;i - Xfe)VjVfcmigiPfeqj^'))| . 

2<j<fc<iV 
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Due to symmetry the first and the fourth line are equal and 

(UHl) <2iV2|((V2P2V3mi(73^','7i^o,/3(a;i - X3)p3ho,fs{xi - a:2)mi(7ig2*)) | 
+ iV^|((V2miP2'?3*,gi/io,/3(a;i - a;2)/io,/3(a:i - X3)V3mi9ip3g2*))| 
+ N^\{{\/3miq3^,qihQ,j3{xi - X3)p3P2ho,p{xi - a;2)V2migi92*)> | 

<2N^\\p3ho^p{xi - a;3)V3migi 93*11 ||/io,^(a;i - a;2)V2P2||op||?^i'?i 92*11 
+ N^\\ho^p{xi - X2)V2P2||opll?«i9i93*|P 
+ N^\\p2ho,pixi - a;2)V2migi92*|P 

<CN\\p2ho,p{xi - X2)y2miqiq2'f\\ \\V ^WeAodln N)^/^ ^ , ip) 
+ C^I|V(p|li,,„,(lniV)2/3a(vI/,^) 

+ N^\\p2ho^p{xi - X2)'^2fhiqiq2'^\\^ . 

Let us next control the factor \\p2hojj{xi—X2)^2'rniqiq2'^\\- Using 1 = l^j^+l^^ 
and exchanging the variables xi and X2 we have 

\\p2ho,^{xi - X2)V2migi(72*|| <||pi/io,/3(a;i - a;2)||op||Vigiq2™il^i*|| 

+ \\piho,i3{xi - X2)V i\\op\\q2mil-^^qi^\\ . 

Using formula (|113l) on the first and Lemma on the second summand (note, 
that 1^1* e ^{1}) we get 

\\p2ho,i3ixi - X2)'^2miqiq2^\\ <C\\piho^i3{xi - X2)\\op\\'^iqi'^Aiqi^\\ 

+ \\Plho.Ji{xi - X2)\'i\\op\\t^^'^\\ . 

The first summand is in view of Lemma 13.21 (e) and Lemma 14.31 bounded by 

C7V-i|l^||oo||l.AiVi(7i*|| . 

Partial integration, Proposition (|6.2p and again Lemma |3. 21 (e) with Lemma 
14.31 give for the second summand 

\\piho^p{xi - a:;2)Vi||op||l^^gfi1'|| 

<CAf-"/27 {\\ho,p{xi - X2)ViPi\\op + \\{yiho,p{xi - X2))pi\\op) ||Vi<7i*|| 
<^^-i7/27 (7V-i||V(^||6,,„,(ln7V)i/3 + 7V-i||^||^) ||Vi9i*|| 

Using and choosing (3 sufficiently small there exists a. i] > and a. JC € 
such that 

N\\p2ho^p{xi -a;2)V2migig2*|| (116) 
< /C((^)(||(^||oo + (ln7V)i/3||V(^|l6>c) Vigi^lP + N'^) . 

Thus pi4p is bounded by the right hand side of (|107p . For (|115p we have 
(HUD <N\\mmn^ IM^ihoA^i - ^2))\\lp 
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For small enough /3 that there exists a 77 > such that (jllSp < CN~^\\lp\\1^ 
and thus (|llip is bounded by the right hand side of (|107l) for some JC £ F. 

Again using that Vi/io,/3 (2;!— 2:2) = 2hQ^p{xi—X2) and partial integration 
yields for pT^ 

Cia) <iV|((/io,^j(a;i -a;2)V2P2l^iVigi^',gig2™*))| 

+ iV|((l^,Vigi*,p2/io,^j(a;i - X2)qiV2q2m^}\ 
<7V||/io,/3(a;i -a;2)V2P2||op||l^iVigi*|||l(jig2m^'ll 
+ A^||l^iVi(ji«'|| \\p2hoAx1- X2)qi^2q2m^\ . 

Using (I116P it follows that A^ (|112p < C which completes the proof of the Lemma 
for < /3 < /3o for some < /3o < 1- 

To prove the Lemma for /3o < /? < 1 we write 

|((*,giP2V'/3(a;i - a;2)TO<7ig2*))| =| ((^', (71^2^/^)0, /jnT,qiq2*)) | 

+ Ni^piq2{Vfi{xi - X2) - Up.^xi - X2))fhqiq2^} . 

In view of Lemma 14.31 J7^(,,^ G V^,,. The case (3 — /3o has just been shown, 
so the first summand is bounded by the right hand side of ()107p . The second 
summand is controlled by (I57|) and the Lemma follows in full generality. 

□ 

6.3 Second adjustment: Making ^2 controllable 

Next we adjust the functional F from Corollary 15.121 such that ^ (defined in 
Corollary 15. 101) becomes controllable. 
Recah that (see (f77| ) 

^ = - 2iV(iV - 1)9 (((*, Zp{xi,X2)piq2{m'' - m?)*))) . (117) 

Following the ideas in section [??^ we define now a functional which smoothens 
the "bad" interaction term in ^. 

Definition 6.6 Let Vi € Vi, let fa = fh^ — to". 

We define the functional 7 : L'^{M.^^ ,£) ® L^{M.^X) ^ hy 

7(^', Lp) - N{N - 1)3 ((*, 9192.98/9,1 (2;i - a;2)mpi92*» 
and the functional 7' : ^^(rsjv^ ^ L^^j^a^ C)^M.hy 

7'(*,¥.) :=7" + 7'+7' + 7' + e, 
where the different summands are 
(a) The mixed derivative term 

7^^ = - N{N - 1)3 (((*, 9192 [i/, 58/9,1 (0:1 - X2)] mpi92*))) 

- A^(A^ - 1)3 (((*, 9192(^8/9 - Vp)fs/9Axi ~ X2)api92*))) . 
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(b) The new interaction term 

7' - - e + NiN - 1)3 (((*, [Zfs{xi,X2), qiq29s/9,l{xi " X2)mpiq2] *))) 
+ N{N - 1)3 (((«', <zi<?2(W^8/9 - ^/3)/8/9,i(a;i - a;2)™pi<Z2*))) 

(a) Three particle interactions 
7': = Ar(Ar- l)(Ar- 2) 

S (((*> [Zp{xi,X3) + Zi3{x2,X3),qiq2gs/9,i{xi ~ X2)mpiq2] ^'))) 

(d) Interaction terms of the correction 

/ ^ Ar(iV - l)(iV - 2){N - 3) 

3? (((*,gi'7258/9,i(2^i - X2)piq2 [Zi3{x'i,Xi),fh] ^'))) 

Lemma [4.41 (a) together with Lemma fa) imply directly 
Corollary 6.7 There exists a rj > such that 

Next we show that in fact 7' satisfies 7'(4'f , (ySt) — ■^j{'^t, ft)'- 
Lemma 6.8 

-7(^-4,(^0 = 7'(*t,¥'t) 

Proof: 

^7(*t,^0 =-^(^- l)3^«*,9i92 [i?,ff8/9, 1(2^1 -2^2)] mpiq2«')) 

+ N{N - 1)3 ((*, [H - 51(7258/9,1 (2^1 " 2^2)^^192] *)) 

Using symmetry 

= ™iV(A^~ l)3((*,gig2 58/9,i(.t^i - 2:2)] toPi92*)) 

+ Ar(Ar- 1)3(((*, [Z/3(a;i, 2:2), 919238/9,1(2:1 -a;2)apig2] ^'))) 

+ N{N -1){N -2)^{i^, [Zp{xi,X3) + Zp{x2,X3),qiq2gs/9Axi ^ X2)mpiq2] *))) 

+ 7V(7V - l)(iV - 2)iN - 3)3 (((VI/, gi(?258/9,i(a;i - 2:2)^152 [Zp{x3,x^),m] n) ■ 

□ 

Subtracting 

NiN - 1)3 (((*, gig2(W^8/9 " Vp)fs/9,i{^i - X2)mpi<Z2*») 

from the first line and adding it to the second line, as well as subtracting ^ from 
the second line and adding it to the total gives that the right hand side of (|76p 
equals 7"^ + 7'' + 7^ + 7^* + ^ which proves the Lemma. 
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Lemma 6.9 Let /3 — I. There exists a K. E T such that 

l'i^,'p)-i< (ll^lloo + (ln7V)i/3||V^||6,/oc)/CM(a(vI/,^) +7V-'') . 
Proof: 

(a) Using ([75)1 and Vi58/9^i(a;i — X2) — —'^2gs/9,i{^i — ^2) and integrating 
by parts we have 

|7"(*,V3)| <iV^|((*,gig2m-i(V2.98/9,i(^i -2;2))V2Pi<72*»| 

+ iV2|((^',qi92m-i(Vi5r8/9,i(2^i -a;2))Vipig2«'))| 
<2N^\{{^ii,qiq2m_igs/g.iixi - X2)ViV2Piq2'f))\ (118) 
+ iV2|((Vim_igig2*,58/9a(a;i -X2)V2Pig2*»| (119) 
+ iV'|((V2gi92«',58/9,i(2^i -2^2)Vimpig2«'))| • (120) 

We use that for any x G L'^{M.^^ ,C) by Holder- and Sobolev's inequaUty 

}xr=ix 

<l|l{(xi-X2)<i?Af-«/9}ll3/2llX^ll3 

<C7V-i6/9||Vixf . 
This, p2|) . Lemma [5.31 and Lemma [3?2] (e) give 

(EHD <A^'l|i{(xi-.,)<fl,jv-B/9}™-i9i'?2*ll 

1158/9,1(2^1 - a;2)Vipi||op||V2q2*|| 
<C7V^-8/9||q2ViTO_iqi*|| 11.98/9411311 V(^|| 

<CiV-8/9(lniV)i/3||V^||6,ioc . 

For (fTT9)) we get 

(USD <iV^||a_iVigig2*|| llff8/9,i(a;i-2:2)pi|lop|lV2q2*|| 

<C7V-4/9||^||oo . 

To control (|120p we use symmetry and write 

n =^^3Yl((V2g2*,5Z*-58/9a(a;j - X2)S/,mp,q2^}\ 
j¥2 

J=2 
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As above |1V2(72^|1 < C*- For the second factor we write 

N 
N 

^^i'^3Pj^<li'^^98/9,i{^J - ^i)l398/9A^j - xi)V jPjfhqi-^} (121) 

N 

+ X! ((^iPi™9i*'ff8/9,i(2;j - 2;i)qjgfeg8/9,i(a;fc - Xi)VfcPfcmqi*)) . 

(122) 

For (|12ip we use symmetry, Lemma [211] (e) and Lemma [5?^ (recall that in 
view of Lemma [Ql m(k.N) < CN~'^n-^{k + 1, A^)) and get 

dini) <(A^ - l)((V2P2mgi*,ff8/9,i(a;j - a;i).98/9,i(2;2 - xi)V 2P2mqi-^)) 
<N\\gs/9Ax2 - xi)S/2P2\\lp\\fhqi-^f 

For (fT^ we get 

\&\ <A2((V2P2l{(,,_,3)<fliV-/^}^9l93^, 

58/9,i(2^2 - a:i)58/9,i(2;3 - a::i)V3?53l{(a;i-x2)<flJV-8/!'}'2'i?2^')) 

<^^ll58/9,l(a^2 - a;i)V2P2||op||l{(:ri-:E2)<flAr-8/9}TOgig2^'|P • 

Since {(xi -a;2) < i?7V~^/^} C ^oo we get with Proposition lOl and (ITn)) 
It follows that 

< CiV-2-34/27||v^||2^^^^(lniV)2/3||VigiVl/||2 , 

thus 

II ^gj58/9,i(a;j-a;i)V,mp,gi5'|| < CA-3/2|| v<^||6,,„,(ln7V)i/3(i+|| Vigi^-H). 

J=2 

With (|321) it follows that also | (|120p | has the right bound and (a) follows, 
(b) For 7** we can write in view of (|117p and using (7i|<y9(a::2)ppi = 

7''(*,(p) <iV2|((«',gi 92^-158/9,1 (2^1 -2^2 )j5ig2^i(a;i, 2:2)*)) I (123) 
+ iV2|((^',Zi(xi,2;2)(gi92 - 1)58/9,1 (a;i -2^2 )pi'72m*)) I (124) 
+ N\{^, 91^2(1^8/9(2^1 -X2)- Vi{xi - X2) + Zi{xi,X2)) (125) 

/8/9,i(2:i - a:;2)mpig2*)>| ■ 
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For we have 

lOI <N'^\\m_iq2'^\\ \\gs/9,i{xi ~ X2)pi\\op\\piZi{xi,X2)'i'\\ 
<CN-'/^^\\l . 

For (dUl) 

(UMl) <A^^|((^',^i(a;i,a;2)piP2ff8/9,i(a;i -a;2)apig2*))| 

+ iV^|((5', Zi{xi, X2)piq298/9,l{xi - X2)mpi(72^'))| 

+ I ((*, '719258/94(2^1 - a;2)TOPig2*))| 
<A^2||piZi(a;i,X2)*|| |big8/9,i(2;i " X2)Pi\\op\\mq2'^\\ 
+ N'^\\piZi{xi,X2)'if\\ \\pig8/9,i{xi - X2)pi\\op\\mq2'i>\\ 
+ ^^^||Pi^i(a;i,a;2)*|| ||58/9,i(a;i - X2)pi\\op .||m(72*|| 

Recall that m{k,N) < CN-^n{k + 1,7V)"S thus 

(HH < CiV2-2-16/9||^||3^ + ^^2-2-4/9||^||2^ 

For (|125p we have 

(123 < N\{-^,qiq2Ws,Q{xi - X2)h/9,l{xi - X2)Nfhpiq2^))\ 
+ j^—j\i'i',qiq2m-i {2a\ip{xi)f + 2a\ip{x2)f) h/^A^i - X2)piq2-^))\ ■ 
We get with Lemma [531 that the first fine is bounded by 

/CMdl^lloo + (hi7V)i/3||V^||6>c) + ||l^,Vigi*|p + N-^) . 

For the second hne recall that ||/8/9,i||oo = 1, thus it is controlled by 
C7iV||gig2m„i*|| 11^11^1192*11 < • 
(c) Using q2 = ^ — P2 the left hand side of (c) is bounded by 

|7"(*,(^)| <7V3|3((*, [Zi{x2,X3),qiq2fh^igs/g,i{xi - X2)piP2] *))| 

(126) 

+ 7V3|!3((*, [Zi{x2,X3),qiq2m^igs/Q^i{xi ~ X2)pi] *))| 

(127) 

+ 7V3|3((«', [Zi{xi,X3)qiq2g8/9,iixi - X2)mpiq2] «'))| . 

(128) 

Using symmetry (|126p can be controlled like in the proof of Lemma 15.91 
(c). For easier reference we repeat the formulas here: Using 1 — ps + qs 
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and qi = 1 — pi 

1(11211)1 <N^\i^,qiq2m^ig8/9.l{^l - ^2)piP2Ziix2,X3)'^))\ 

+ N^\{{'ii,Zi{x2,X3)p3 17192^-158/9,1(2^1 - a^2)PlP2*))| 
+ N^\{{^ , Zi{x2,X3)piq2g8/9,iixi - X2)mpip2q3m^))\ 

+ ^^|((*, \/^ii^2,X3)q298/9Axi - X2)P2\/ Zii^2, X3)piq3m^))\ 
<N^\\m_iqi^\\ ||g8/9,i(xi -X2)pi|lopbi^i(a;2,a;3)*li 
+ N^\\q2rri^ip3Zi{x2, X3)'i>\\ ||58/94(a;i - X2)pi\\op 
+ A^^||piZi(a;2,X3)*|| ||58/94(^i ~ 2^2)^1 Hoplks?^*!! 

+ N^\\^/Zl{x2,X3)'^>\\ ||58/9a(a;i - X2)p2\\op\\\/ Zl{^2, X3)pi\\op\\q3'fn'i>\ 

Using 52 = 1 — P2 we can write for (|127l) 

dnZl) <N'M^, [Zi(x2,X3),(Zim_i58/9,i(xi -X2)pi] *))| (129) 
+ N^\'^{{^,qiP2m-ig8/g.iixi - X2)piZi{x2,X3)m (130) 
+ N^l'^i^, Zi{x2,X3)qiP2m^i9s/9A{xi ~ X2)pi-^))\ . (131) 

Using that 9i<78/9,i(^i ~X2)pi commutes with Zi(a;2, 0:3) and then Lemma 
13.21 (d) we have 

(UMl) <N''\Qi^,[Zi(x2,X3),m-i]qigs/9,i{xi - X2)pi-i'}\ 

<iV^|5((^', [Zi(a;2,a;3),p2P3(^-i - fhi)] gi.g8/9,i(a;i - a;2)pi*))| 
+ iV^|S((4', [Zi{x2,X3),P2q3(m^i - mi)] 9158/9,1(2^1 ~ 2^2)^1*))! 
+ N^l'^i^, [Zi{x2,X3),q2P3{m-i - mi)] 9158/9,1(2^1 - a;2)pi^'))| 
<N^\^{{'i',Zi{x2,X3)p2P3(m-i - mi)9i58/9, 1(2^1 - a;2)pi*))| 
+ 7V^|5((*,9i(to_i - mi)p2P32'i(a;2,X3)58/9,i(a;i - 0:2)^1 *))| 
+ 7V^|3((*, Zi{x2,X3)p2q3{m-i - mi)9i58/gj(a;i - a;2)pi*))| 
+ Ar^|3((*,gi(m_i - mi)p2g3^i(a;2, 0:3)58/9, 1(3^1 - a:2)pi*))| 
+ N^\'^{{'^, Zi{x2,X3)q2P3{m^i - mi)9i58/9,i(a;i - X2)pi^'))| 
+ iV^|5((*, 9i(m_i - mi)92P3^i (2^2, 2:3)58/9, i(a;i - a;2)pi*))| 
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Using Lemma [331 

<CN'^\\p2Zi{x2,X3)-^\\ ||g8/9,l(^l - ^2)Pl\\op 

+ CiV^I P2\/Zi (x2,a;3)||op||58/9, 1(2^1 " a;2)pi||op||\/^i(a;2, a;3)*|| 

+ CiV^I p2Zi{x2,X3)-i>\\ 11.98/9,1(2^1 - X2)Pl\\op 

+ CN^\ p2\/ Zi (x2,a;3)l!op|!58/9, 1(2:1 - X2)pi\\op\\\/z[{x^~>^^\\ 

+ CN'^\p3Zi{x2,X3)-^\\ ||58/9,l(a;i -X2)pi\\op 

+ CN^\ P3\/ Zi{x2,X3)\\op\\g8/9.l{^^ ~ X2)pi\\op\\\/Zi{x2,X3)'i'\\ 

Using Lemma 13.41 (I130p is bounded by 
inni) ^N^\^i-f, qim-iP2VZi{x2,X3)gs/9,i{xi - 2^2)^1 V^i(a;2, xg) 4-)) | 

<CN^\\p2y/Zi{x2,X3)\\op\\gs/g,i{xi - Xa)^! || op|l (x2, Xg)*]! 

For (|13ip we have again with Lemma 13.41 

(ffniD < CN^\\p2Zi{x2,X3)-^\\\\gs/9Axi - x2)pi\\op <CiV-4/9||^||^ . 

Having controhed (|126p and ah terms in (|127l) we spht up (|128p using 
1 = P3 + 93 and 91 = 1 - pi 

(UMl) -7V3|((*,gig2m_ig8/9a(2:i -a;2)pi92^i(a;i,a;3)^'))| (132) 
+ T7— rl((*,a(|<^(a;i)p + |(p(x3)n9i92g8/9,i(a;i - a;2)TOpi92*»| 









(133) 




(('I', Vi(a;i,X3)9i 9258/9, i(a;i 


- X2)mpi92P3*))| 


(134) 


+ N^\ 


((*, Ui (xi , X3 )pi 9258/9,1 (a;i 


- X2)toPi9293*))| 


(135) 


+ iV3| 


((*, Vi(xi,X3)p258/9,i(a;i - 


X2)mpi9293*)) 


(136) 


+ A^^l 


((^i, Vi(xi,x3)92g8/9,i(a;i - 


X2)mpi9293lg7*))| 


(137) 


+ iV3| 


((^',Vi(xi,X3)92g8/9, 1(2:1 - 


X2)mpi9293li32*)) ■ 


(138) 



Using Lemma [31] (USUI, (jT^ . pM]) . and (IT^ are bounded by 

CiV^||TO_i92^'||; ||58/9,i(a;i - X2)pi\\op\\piZi{xi,X3)'i/\\ , 
C^^II<y5|lLll.98/9,i(a;i - X2)pi||op||m92^'|| , 
A^^llb3^i(xi,X3)*|| ||58/9,i(a:i-a:2)pi||op||TO92^'|| , 
N^\\piVi{xi,X3)^\\ ||g8/9,i(a;i -X2)pi||op||m92*|| , 

N^\\^/Vi{xi,X3)'^\\p2gs/9.i(xi 

X2 }\\op II V^(xi,X3)pi||op||m92*|| . 
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All these are smaller than C\\lp\\I^N-^/^ . 

Next we turn to (|137p . Since the support of 38/9,1(2^1 ~ ^2) is a subset of 
S3 we get that (|137p is bounded by 

A^3||%^\/yi(xi,X3)*||||g8/9,i(a;i -a;2)v^i(xi,X3)mpig2g3%*|| 
The first factor is controlled by Lemma 16.41 (b) 

(fmll <iV5/2 (/C(^)(a(*, (^) + TV-")) ^'^ 

l!58/9,i(^i - X2)VV i(a;i,X3)mpig2'73lH2*ll ■ 

For the remaining factor we use for any fixed xi, X2, . . . , xat Holder and 
Sobolev under the X2-integral. Setting x '■= VV i{xi,X3)piq2q3fhl-Q^'i' 

Il38/9,l(a;i -X2)X\\^ <||g8/9,lll3/2 UllX^llsin X2 || 

= ll38/9,lll3ll llllxlleinxsll ^ ll58/9,lll3l|V2Xir ■ 

With Lemma 15.21 and (I113P we get 

Il58/9,i(2^i - X2)VV i(a;i,a;3)mpi(72g3%2*|| 

< 1158/9, 111311^2/1^ 1 (xi,X3)pig2'73?nlg2*ll 
<CN-\lnNy^^\\VViixi,X3)pi\\op\\y2q2q3nil^,-^\\ 

<CiV-5/2(l^^)l/3||y^^^j_^^|| 

Since 

||V2g2%,*|| <2||V2%^VI/|| +2||V2P2%,*|| 

<2||V2%^*||+2||V^|| ||%^*|| 

we get with Lemma [631(c) and Proposition |621 that the latter is bounded 
by ilCi^){a{^,^)+N-^)f\ 
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Using symmetry (I138p is bounded by 

N 

CN^ I ((*, Vi {Xi ,X3)J2 58/9,1 (2^1 - )mpiq3qjtB, *» | 

3=1 

=CN^\i^, VVi{xi,x3){piP3+Piq3 + qiP3 + qiqs) (139) 

N 

\/Vi{xi, X3)^ gs/9.i{xi - XjOmpigsgjlB,*))! 
=CA^^|((*, ^/Vi{xi,X3){piP3mi + pigam + gipam + gigsm.i) 

TV 

X]ff8/9,i(a;i - 2;j)\/T4(xi,X3)piq3qjlf5^^'))| 
<CN^\\^{xi,X3)'^\\ \\mi\\op\\piy^g^{xi ~ X2)\\op (140) 

\\P3\/Vl{xi,X3)\\op\\,/g^/^{xi - X2)pi\\op 

+ CN^\\{piq3m, + qiP3m + qiq3fn^i)y^{xi,X3)'i'\\ (141) 

N 

II X! 58/9,1(2^1 - Xj)\/Vi{xi,X3)piq3qjti3,'i'\\ ■ 

(11401) is bounded by 

^^l/2-16/9||^|,3^ . 

Using Lemma 13.41 and Lemma 14.51 the first factor of (I14ip is bounded by 
CN~'^/'^. Using the abbreviation Xj = Vyi{x\,X3)piq3qjtBj^ we can 
write for the second factor 

N 

\\^9B/9,li.Xi - Xj)\\'^ <A^^((X458/9,l(2^1 - 2;4)ff8/9,l(a;i - Xr^)Xb)) 
i=4 

+ ^((X4 (58/9,1 (a^i - Xi)fxi} 
Since 58/9.1(2^1 — 2:5) and 58/9,1 (2^1 — X4) commute we get 

<^^ll58/9,i(a;i - X4)Xh\? + Af||58/9,i(2:i - a;4))X4|P 
Using this and (73 = 1 — p3 it follows that 

(Ell) <CiV3/2||.g8/9_i(xi -X4)yV^(xi,.T3)pi(75lB5*ll (142) 

+ CA^^/^||58/9,i(a;i - 2;4)v/^(a;i, a;3)piP3'75lB5*ll 
+ C'^ll58/9,i(a^i - a;4))\/T4(a;i, 2:3)^19394164*11 

Note that for large enough N the function ^/Vi{xi,X3)gg,/<j i{xi — X4) is 
different from zero only inside the set 03,4. Since and 03,4 are by 
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definition disjoint it follows that 

58/9,i(^i - 2;4)14(a;i,X3)g8/9_i(a;i - xs^igslgj,* 

=0 . 

Thus the second summand in (|142p is zero. Using as above Holder and 
Sobolev under the a;2-integral of the third summand in (|142p we get that 
(I14ip is bounded by 

+ ^ll.98/9,ill3l|V4V^(a^i: 2^3)58/9,1(2^1 - a;4)TOpig3'74le4*lP 
<CA^-4/9||^||^ + CA^-i(lnA^)2/3||/t^(xi,X3)pi||^p||V4m<Z394le4^ll' 

<C7V-4/9||^||2^(1j^^)2/3_ 

(d) Using symmetry and Lemma 13.21 (d) j'^ is bounded by 

7'* <N^^ (((^,'719238/9,1(2^1 - X2)piq2 [Zi{x'i,Xi),PiPi{m - TO2)] *))) 

+ 2Af''5 (((*, 919258/9,1(2^1 - X2)piq2 [Zi(x3, X4),p3(j4(m - fhi)] *))) 
<A^^3 (((*,Zi(x3,a;4)p3P49i92nr^58/9, 1(2:1 - a;2)pi92n2(^ - ^2)^))) 

+ iV^Q (((\E',qig2nr^58/9, 1(2^1 - 2:2)pi92f^2(™ - m2)p3P4Zi{x3, X4)'^}) 

+ 2iV''3 (((\E',Zi(a;3,X4)p3949i92«r^38/9,i(2;i - 2:2)pi92"2("^ - fhi)^}) 
+ 27V^3 (((*, 91 92"r^58/9, 1(2:1 - X2)piq2nl{fh - rhi)pzqiZi{x3„Xi)^}) 
With Lemma it follows that 

7'* <CN^\\pzZi{xz,Xi)-^\\ ||58/9,i(2;i -2;2)pi|iop|i«n2(^-^2)^'|i 
+ CiV''||.g8/9,i(xi - X2)pi\\op\\nnl{m - ■m2)\\op\\pzZi{x3„Xi)^!\\ 
+ CN'^\\pzZi{xz,X4)'^\\ 11.98/9, 1(2:1 - X2)pi\\op\\nnl{m - mi)*|| 
+ CiV''||58/9, 1(2:1 - X2)pi\\op\\nnl{fh - mi)||op||p3Zi(x3, X4)*|| . 

Recall that fh = mP — fh\ . Due to Lemma [70] 

m(A:) - TO(fc + 1) = m"(fc) - 2m°(fc + 1) + m°{k + 2) < CiV"2^(A: + 1)"^ 
and 

m{k) - m{k + 2) =m°{k) - m°{k + 1) - m°{k + 2) + m°(A: + 3) 
<CN-^n{k + l)-^ . 

It follows that 

t'' <C7V"||p3^i(x3, 2:4)^-11 1158/9,1(2:1 - a;2)pi||opiV-2 . 

In view of ([75]) we get that also 7^* is bounded by the right hand side of 
(ESI). 

□ 
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6.4 Proof of the Theorem for /3 = 1 

Corollary 6.10 Let (3 = 1. There exists a functional T : L'^{R^^ ,C)(g}L'^{M.^ ,C) 
R+, a functional V : L'^{R^^ ,C) (g) L'^{R^,C) R and a constant c > such 
that 

(a) 

\^r{^u^t)\<\r'{^uvt)\. 

(b) 

ca{^, (fi) - CN-"^ < r(*, ip) < a{^, ip) + CN'"' 
uniform in ,ip 

(c) There exists a functional K, £ such that 

|r'(*,(p)| < (||(^||oo + {\nNf'^\\Vp>h,ioc+\\A\\^)lC{p){a{^,^)+N-^) 
uniform in ,ip. 
Proof: Set 

r(vl/,^) :=7(*,^)+ 2-^-^-i,^k{^,^) + \£{^)-£^P{^)\ and 

j"+fe<5 

]+k<b 

(a) follows from Lemma [57^ with Lemma [6.81 and (P^. 

(b) follows from Corollary 15.121 (b) together with Corollary 16.71 . 

(c) Remember that :— 7q o — '^{£,t)fi) (see Corollarv lS.lOp . Thus 

r'(vi/,(p) =7'(vi/,^)-e(*,¥') 

+ 2-^-'=(7;,(vI/,^) + 25(C,-i.fc)-3(C,,fc)) 

l<j+k<b 

The first line is controlled by Lemma 16.91 The second line by Lemma lS.llI 
The third line is bounded by Proposition 15.71 and (^5]) . 

□ 

From (b) and (c) it follows that 

T\^, ^) < (ll^lloe + (ln7V)i/3|| v^lle.zoe + ||i||oo)/C(^)(r(vI', ^) + TV-") 
and we get via Gr0nwall 

For (y9 S we have that sup^gjj{/C(iy9s)} < oo. Again using (b) we get the bound 
on a(5't, (ft) as stated in Theorem 12.51 
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